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Abstract

Automatic tool path generation for milling has been a subject of research for decades. The primary challenge in this area lies in
simultaneously satisfying both geometric and technological constraints. Although various methods have been developed for spiral
trajectory generation to meet these strict criteria, the potential of Lamé curves (also known as superellipses) has remained unexplored.
This paper aims to address this gap by introducing a new algorithm that parametrises Lamé curves and transforms them into spirals
using polar coordinate functions. The novel method generates a continuous tool path that smoothly fills the region between two closed
boundaries without interrupting the cutting process. The algorithm was validated through case studies involving various pocket-like and
island-like geometries. For the comparative analysis, two widely used strategies were selected as benchmarks: the traditional contour-
parallel strategy and the advanced adaptive milling strategy. The simulation and cutting experiments conducted to analyse cutter
engagement, tool load, and machining time demonstrated that the Lamé-based spiral paths achieved 1-44% improvements in machining
time and 3-17% reductions in peak cutting force. These improvements are attributed to the smooth path curvature and the stable cutter

engagement along the path, which enables effective tool load control. Although the strategy has certain geometric limitations, the results

indicate that Lamé-based spirals offer a promising alternative for improving productivity and tool life in rough milling.
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1 Introduction
With the continuous advancement of manufacturing tech-
nologies, increasingly complex components with com-
plex pockets are being produced, most of which can be
machined via 2.5D milling. In the case of such closed
pockets, the primary challenge lies in the often difficult
accessibility of the allowance geometry, complicating the
maintenance of optimal cutting conditions. Since rough
machining can account for up to half or even more of the
total machining time, it is essential to employ tool path
strategies that not only ensure efficient material removal
but also optimise tool load conditions [1, 2]. A well-chosen
tool path can contribute to extended tool life, improved
surface quality, and enhanced energy efficiency [3].

In practice, several clearly defined objectives assist in
identifying the optimal solution:

1. reducing the number of direction changes extends

tool life and reduces energy consumption,

2. avoiding sharp direction changes and linking move-
ments improves overall machining efficiency, and

3. maintaining constant tool engagement results in lon-
ger tool life and superior surface finish [2].

This is especially critical today, where advanced
technologies such as High-Speed Machining (HSM)
have become standard in metal cutting, simultaneously
offering increased productivity and enhanced quality.
However, HSM is particularly sensitive to path continu-
ity: sharp corners or sudden directional changes require
the tool to decelerate and accelerate again, significantly
increasing cycle times and potentially causing unfavour-
able cutting conditions. The full benefits of HSM can only
be realised when the tool path is continuous, smooth, and
the tool load is uniform, even if this results in longer tool
paths [4, 5].
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To leverage these advantages, pocket machining strat-
egies have been a major research focus for decades, yield-
ing numerous solutions to meet the demanding require-
ments of tool path generation.

1.1 Controlling the tool load

Before focusing on specific tool path generation strategies,
it is worth reviewing general measures that help main-
tain constant tool load. Ensuring a consistent tool load is
important because it allows the tool to operate continu-
ously near the maximum allowable load, thus increasing
machining efficiency and tool life. Additionally, reducing
load fluctuations minimises the risk of tool breakage and
vibrations, and enables more precise machining [6].

The tool-workpiece engagement is characterised by
the cutter engagement angle, defined as the central angle
corresponding to the arc length of the tool in contact.
This parameter determines the cross-sectional area of the
material being removed and directly influences the tool
load. To maintain a constant cutter engagement angle along
the spiral tool path, a specialised spiral shape with increas-
ing stepover is necessary [7]. However, this approach can
only be applied to areas with circular boundaries. If the
spiral-like tool path differs from this special shape, even a
regular Archimedean spiral will result in variations in the
cutter engagement at different points along the path.

There are two main approaches to managing fluctuations
in tool load: feed rate control and radial depth control. For a
long time, feed rate control has been used to mitigate the
effects of varying cutter engagement [8]. Nowadays, several
methods are available for this purpose, including geometric,
cutting force model-based, and data-driven techniques [9].
In this work, a traditional geometric feed rate scheduling
method based on material removal rates (MRR) was chosen.

1.2 Overview of tool path generation strategies
Traditional direction-parallel[10] and contour-parallel[11]
strategies still dominate pocket milling operations. Due to
their simplicity, predictability, and widespread availabil-
ity, they remain the default solutions in many CAM sys-
tems. However, these strategies have numerous limita-
tions, particularly in the context of HSM, restricting their
applicability in modern manufacturing [2].

The direction-parallel strategy involves the tool mov-
ing along parallel linear passes in a predefined direction.
Although simple, unidirectional scanning often requires
frequent tool retracts [2], and bidirectional movement can
result in a non-uniform surface due to alternating climb

and conventional milling passes [12]. Additionally, fluctu-
ations in cutter engagement along the side walls adversely
affect tool load stability [13].

The contour-parallel strategy employs equidistant off-
set curves conforming to the boundary, which fits well
with the contour shape and reduces idle times. However,
insufficient continuity between offset curves and limited
radial tool engagement over portions of the path often
leads to load fluctuations [14]. While adaptive feed rate
control partially compensates for these deviations, it does
not fully resolve tool load instability [15].

Although contour-parallel strategies generally outper-
form direction-parallel ones, neither can guarantee constant
tool load and smooth path geometry. These shortcomings
have driven research and development toward continuous
curvature tool paths. Two fundamental approaches exist for
generating such trajectories. One involves post-processing
classic tool paths to smooth sharp direction changes and
achieve the desired continuity [16—18]. The other directly
generates tool paths with appropriate continuity [19, 20].
The latter approach characterises modern strategies where
tool load dynamics and path curvature are integral design
parameters. Within this framework, spiral and trochoidal
strategies are most commonly applied for rough machining.

Spiral tool paths are highly advantageous in HSM due
to their lack of corners and sharp direction changes, mak-
ing them popular for both freeform surface finishing and
rough pocket milling [21]. The simplest spiral tool paths
are typically derived by modifying contour-parallel strat-
egies through overlapping offset curves to produce a spi-
ral trajectory [22]. Although this improves path continuity,
dealing with non-monotonic areas remains difficult, and
fundamental limitations of contour-parallel approaches
remain [23, 24]. Conversely, truly advanced spiral tool paths
are initially designed to ensure curvature continuity [25],
thereby satisfying HSM requirements [26—29] — even for
components that require multi-axis machining [30].

Trochoidal tool paths facilitate both continuous cur-
vature and controlled tool engagement [31], making them
ideal for machining narrow regions such as grooves, cor-
ners, or elongated geometries [32, 33]. Certain implemen-
tations also optimise path length alongside engagement
control, significantly reducing cycle time [34, 35].

These modern algorithms, however, operate efficiently
only for specific geometries. Trochoidal strategies are
rarely used alone for complete pocket machining but are
primarily applied in hard-to-reach or critical zones [36].
Spiral strategies, in contrast, are beneficial mainly in



easily accessible pocket areas. Consequently, maximal
efficiency for complex geometries is achieved by combin-
ing multiple strategies into so-called hybrid approaches.
Zhai et al. [20] and Huang et al. [37] integrated spiral and
contour-parallel paths, applying HSM-appropriate spiral
trajectories in the pocket centre and reduced feed contour
paths at the edges. Dumitrache and Borangiu [38] devel-
oped a combined method that ensures constant engage-
ment and smooth machining with spiral paths centrally
and trochoidal features along the edges.

1.3 Advanced CAM strategies
CAM developers have also pursued roughing tool paths,
ensuring more uniform tool load distribution. Recognising
the potential of hybrid path generation, CAM solutions
increasingly reflect this direction [38—40]. Various develop-
ers introduced different implementations, all fundamentally
aiming to maintain consistent tool engagement [41-44].
TrueMill (2005) was one of the earliest solutions to
implement a variable stepover to ensure a constant engage-
ment angle, while keeping feed rate, spindle speed, and
axial depth of cut fixed. Notably, trochoidal segments
were applied not only at corners but also within the central
regions of pockets [45, 46]. Later, VoluMill (2008) intro-
duced a strategy focused on maintaining a constant material
removal rate by varying the engagement angle and adapt-
ing the feed accordingly. It primarily follows contour-par-
allel paths, enhanced with trochoidal motions in high-load
regions [47]. Similarly, Adaptive Milling (2011) empha-
sised maintaining a consistent engagement angle through-
out the tool path to ensure uniform tool loading [48].
Other systems developed in subsequent years have
built upon these foundations. Although their implementa-
tions vary, they generally integrate smooth spiral or con-
tour-parallel paths with adaptive feed rate control and stra-
tegically placed trochoidal segments to reduce tool wear
and improve machining efficiency. Some solutions — such
as iMachining — go even further by accounting for machine
tool dynamics and acceleration limits, thereby enhancing
overall tool path stability and performance. [49]

1.4 Lamé curves

Lamé curves and their generalisations — superellipses and
superellipsoids (refer to Fig. 1) — play a significant role
in various fields of mathematical modelling, mechanical
engineering, and applied mechanics. Initially introduced
by Gabriel Lamé in 1818, these curves describe smooth,
convex shapes governed by a power-type equation.
Over the centuries, researchers have expanded and adapted
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Fig. 1 The shape of Lamé curves with varying parameters

the concept to model increasingly complex and realistic
geometries across scientific and engineering domains.

One of the most impactful directions in recent research
is the generalisation of superellipsoids by introducing dis-
tinct power exponents for each coordinate direction. This
refinement, developed by Ni et al. [50], allows for more flex-
ible and accurate modelling of real-world components with
anisotropic or non-uniform geometry. In structural mechan-
ics, Altekin and Altay [51] analysed point-supported superel-
liptical plates under uniform loading, addressing a gap in the
literature despite the common industrial use of such geom-
etries. In biomechanics, superellipsoids have been used by
Bayraktar et al. [52] and Rincén-Kohli and Zysset [53] to
formulate accurate yield criteria for trabecular bone, enabling
realistic simulation of biological materials under physiolog-
ical stress. Lamé curves have also been applied in extended
target tracking problems with contour-based measure-
ments [54] and in UAV path planning, where their smooth
curvature properties enable efficient and feasible trajectory
design around constrained environments [55]. They have also
been used in vision-based measurement systems for estimat-
ing body and clothing circumferences, where Lamé curves
outperformed traditional elliptical approximations [56].

Beyond technical domains, the superellipse has also left
a mark on design and aesthetics. Danish mathematician,
designer, and poet Piet Hein rediscovered the superellipse
independently in the 20" century and popularised its use
in architecture, urban planning, and industrial design.
His most well-known project is the Sergels Torg round-
about in Stockholm, designed as a superellipse.

Despite their versatility and proven utility in mechan-
ics, biomechanics, and design, superellipses and superel-
lipsoids have not yet been applied to tool path generation,
where geometric flexibility and load uniformity are equally
critical. This work is the first to explore their potential in
this context, apart from our previous brief contribution [57].
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This paper introduces a novel spiral tool path that
efficiently meets modern HSM requirements for simple
geometries. Existing direction-parallel or contour-par-
allel methods involve sharp corners, negatively affect-
ing cutting conditions. Although hybrid solutions offer
smoother paths, they contain unproductive looping seg-
ments that increase cycle time. Prior research on spiral
paths has primarily been limited to circular spirals and
has not explored the application of Lamé curves to achieve
continuous spiral transitions between differing shapes.
This study presents an innovative Lamé curve-based spi-
ral tool path generation method that enables continuous
transitions between polygonal geometries, enhancing tool
load uniformity and reducing cycle times. This is achieved
via a simple polar equation, resulting in a highly continu-
ous path with minimal computational demand.

In this paper, Section 1 reviews the field, outlines the lim-
itations of traditional strategies, highlights modern technol-
ogies, and presents examples of advanced solutions imple-
mented in CAM systems. Section 2 presents the steps of tool
path generation, from defining the geometry to adjusting
path-related parameters. Section 3 describes the experimen-
tal setup, the geometries used, the results obtained, and their
evaluation. The conclusions are summarised in Section 4.

2 Tool path generation using Lamé curves

2.1 Mathematical background

The Lamé curve was described first by Gabriel Lamé,
a French mathematician and physicist, in the 19" century
in the following form:

)

The Lame curve can be described in implicit form
Eq. (2), and in parametric form Eq. (3):

r:§n+%" 2
tn . n
x(l‘): I"COZ( ) ’ y([): rSlIlb(f) (3)

The a parameter belongs to the major, b belongs to
the minor axis. The » parameter is the scale factor, and
the exponent is 7.

The exponent results in a different curve depending on the
equation type (implicit or parametric). Table 1 summarises
the various cases. Using the implicit form is slightly difficult
because its application range is limited, and two segments

Table 1 The shape of the Lamé curve with different n exponent

n<l n=1 1<n<2 n=2 2<n

Implicit concave linear convex convex  convex

Parametric  convex  convex convex linear  concave

are necessary to create a complete closed curve. The para-
metric form is more suitable for generating a closed curve,
and therefore, it is used for further deduction. In Fig.1, more
samples are represented, using the parametric form and dif-
ferent parameter combinations. It can be seen that the expo-
nent z controls the shape from a diamond through an ellipse
to a rectangle. If the desired contour is a rectangle, the expo-
nent can effectively control the corner radius.

It is a convenient form for closed curves or spirals using
polar functions in a polar coordinate system. Furthermore,
it allows for easy transformations; therefore, it is applied.
The polar radius can be expressed with the two para-
metric_equations (Eq. (3)) using the general expression:
r= ,/(x)z + (y)2 and results in Eq. (4). The order of
power is important to avoid discontinuity. First has to be
the square, after the n power.

e = (2] eos (2 ot} @

The next step is to express the polar angle, ¢. The tan-

gent of the polar angle can be expressed with the compo-
nent equation (Eq. (3)) in Eq. (5):

sin(1)" a
tan(¢) = Lﬂ ®)
beos(1)
The Eq. (5) can be solved for ¢ in Eq. (6):
@ = arctan % 6)

While the polar equation can contain only ¢, the ¢
parameter has to be expressed with this in Eq. (7):

t((p) = arctan (MJ" @)

a

Substituting Eq. (7) into Eq. (8), after simplification
and reordering, the result is the polar equation of the
Lamé curve, Eq. (8):

anle) O | (o) (8)

r
—| 1+
a a

rpolar ((p) =



For pocket milling, generally, spiral curves are used
(refer to Fig. 2). The Lamé curve can be transformed to
satisfy this requirement. First, the radial pitch per revolu-
tion has to be defined in Eq. (9):

P

T

p (€)
For a given rectangle, its envelope curve has a different
side ratio than the original.
Thus, the a and b factors can not be constant, a new o
and f factor must be defined. The r/a and r/f ratio in the
function of ¢ is described in Eq. (10).

r r
a a (10)
L
B p 0 b

From Eq. (10), the desired a and f factors can be
expressed in Eq. (11):
_ra
Cr+poa
_rb
o+ pob

a

(11)

After substitution, the final equation of a Lame spiral
can be revealed in Eq. (12):

_r+poa
(0)=—"—

rpolar

n
1Y 2

o (12)
NIES tan((p)2

tan((p)2 b’ (r+p 0] a)2

1+ 5
(r+pob) a

0.6

0.6

Fig. 2 Sample geometry of Lamé spiral, the parameters are: r=1,a =1,
b=2,n=1/2,p=0.1/2n)
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Using ¢ = Clp + CO substitution, the spiral can be
rotated with CO, and a polygon shape can be obtained.
If the sides of the polygon are m, then C1 = m/4.

These curves can be used for pocket milling in the case
of symmetrical and simple geometry. It must be noted that
the a, b, n and m can be not only constant, but also a func-
tion of . The parameters a and b define the scaling of the
spiral along the x and y axes, respectively, while m con-
trols the number of corners, allowing smooth transitions
between different shapes. The most important parameter
is n, which controls the shape, the curvature and cutter
engagement; lower n values result in more angular shapes
(see Table 1). Another key parameter is p, which governs
the radial step size of the spiral and thereby affects both
the stepover and the cutter engagement.

The derivative function of Eq. (12) exists and allows for
drawing the inner and outer envelope curves. The envelope
curves are necessary to calculate the cutter engagement.

2.2 Application for open and closed machining areas
The mathematical formulas outlined previously can be
used to generate tool paths for both pocket-like (closed)
and island-like (open) geometries. In the case of pockets,
machining is performed from the inside out. The bound-
ary of the helical immersion at the centre of the pocket
serves as one reference curve, while the pocket wall rep-
resents the other reference curve, which must be continu-
ously connected by a Lamé spiral. For island geometries,
machining is conducted from the outside in. When defin-
ing the spiral curve for islands, an intermediate elliptical
shape is also required, from which the Lamé spiral can
continuously trace both the contour of the island and the
stock boundary. Practical examples of implementations
are described in Section 3.3.

2.3. Feed rate adjustment

Once the tool path was calculated, a self-developed algo-
rithm [58] was used to determine the cutter engagement
angle along the path. Using the calculated cutter engage-
ment angle, the following formula can be applied to adjust
the feed rate to ensure a uniform material removal rate:

(0 nm]

1-cos(0) | min

Vo (0) = o (3
where 6 [°] is the calculated cutter engagement at a
given point, 6  is the nominal cutter engagement, and
vfnom[mm/min] is the feed rate for the nominal cutter
engagement.
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The tool path was divided into segments using 0.5 mm
long linear sections. Then the NC program was gener-
ated using the smaller feed value calculated at both end-
points of the segments. Thanks to the continuous curva-
ture and the gradual changes in cutter engagement along
the Lamé spiral, the feed rate adjustment can be applied
smoothly and remains dynamically stable, avoiding criti-
cal acceleration demands or vibration issues.

3 Experimental validation

Cutting and simulation experiments were conducted to
evaluate the developed Lamé curve-based tool path gen-
eration strategy. The experimental conditions are detailed
in Section 3.1, and the machining features investigated are
described in Section 3.2. Two commonly used tool path
planning methods, contour-parallel and adaptive milling
strategies, were utilized as references to evaluate the devel-
oped algorithm. These tool paths were generated using
the NX CAM software (version: NX 2000). The investigated
tool paths are presented in Section 3.3. The results of the sim-
ulation, including the tool path length and cutter engagement,
are presented in Section 3.4. The force measurement results
from the cutting experiments are provided in Section 3.5.

3.1 Experimental environment

The experimental setup is shown in Fig. 3. The cutting
experiments were performed on a Kondia B640-type 3-axis
machining centre, where Al6082 aluminium alloy was
machined with a four-edged solid carbide flat end mill coated
with Alcrone. The end mill had a helix angle of 30° and a
diameter of @6 mm (Tivoly, No. 82365610600). The cut-
ting speed (v) was set at 150 m/mm, considering the lim-
itations of the machine tool spindle, while the feed per tooth
(f)) was 0.04 mm, as recommended by the cutting tool's cat-
alogue. This resulted in a programmed spindle speed () of

7962 rpm and a feed rate (vf) of 1274 mm/min. Since the
purpose of the experiments was a comparative analysis, the
axial depth of cut (a,) was reduced to 2 mm, while the nom-
inal radial depth of cut (a,) was set at 25% of the tool diame-
ter. To improve the uniformity and direction independence of
the flood coolant, a Loc-Line circle flow nozzle kit was used.

During the cutting experiments, in addition to record-
ing the cycle time, the cutting force was measured using
a Kistler 9257B piezoelectric dynamometer. During sig-
nal processing, a low-pass filter was applied to suppress
external noise. The cut-off frequency was set to ten times
the spindle speed, and the magnitude of the calculated
force projected onto the machining plane (X-Y) was ana-
lyzed to assess the tool load. To enhance clarity, the max-
imum values per tool revolution will be displayed on the
force measurement diagrams.

3.2 Sample geometries

Four sample geometries were selected to test the devel-
oped path planning strategy based on Lamé curves, com-
paring it with currently available methods. The roughing of
the closed areas was performed using two pockets, with the
outer contour being either a square or a hexagon inscribed in
a 25 mm diameter circle. For the open areas, we tested the
roughing strategy by machining two island geometries, each
featuring a square and a hexagon inscribed in a J15 mm
diameter circle, positioned in the middle of a workpiece with
a enclosure size. The geometric designs can be found in the
figures depicting the tool paths in Section 3.3.

3.3 Tool path generation

As mentioned above, three tool path generation strategies
were examined: the contour-parallel milling (Fig. 4), the
adaptive milling (Fig. 5), and the developed Lamé curve-
based tool path (Fig. 6).

&Y B Yemsal N

Fig. 3 The experimental setup for cutting tests and a machined hexagonal island shaped by a Lamé curve
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Fig. 4 The contour-parallel tool paths: (a) squared shape pocket; (b) hexagon-shaped pocket; (c) square-shaped island; (d) hexagon-shaped island
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Fig. 5 The adaptive milling. tool paths: (a) squared shape pocket; (b) hexagon-shaped pocket; (c) square-shaped island; (d) hexagon-shaped island
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Fig. 6 The Lamé curve-based tool paths: (a) squared shape pocket; (b) hexagon-shaped pocket; (c) square-shaped island; (d) hexagon-shaped island

A well-known shortcoming of the contour-paral-
lel strategy is the presence of sharp corners along the
tool path, which decrease the feed rate and significantly
increase the cutter engagement locally. To address this
problem, the corner smoothing function in the NX CAM
software was used, and 1 mm rounding radii were applied
to the path at each corner. Additionally, an MRR-based
automatic feed control function is available in NX CAM
that applies adaptive feed rates to the tool path. However,
the built-in algorithm generates the NC program with
longer segments than an own-developed algorithm, so
the feed rate scheduling algorithm used for Lamé curve-
based paths was also utilised for contour-parallel paths.

The NX CAM's Adaptive milling cycle meets the
requirements of high-speed machining by providing a
smooth tool path and uniform tool load. However, this
comes at the cost of looped sections during trochoidal-like

machining. The presence of these unproductive linking
motions provides an opportunity for other tool path plan-
ning strategies to achieve shorter cycle times.

For the chosen sample geometries, the following math-
ematical considerations were taken into account for tool
path generation. In all cases, r, a, b and p were constant
The ¢ parameter was simply multiplied by a constant, as
the polygonal shape requires. The n exponent was the linear
function of ¢, which provides a linear transition between v,
and v,, while ¢ changes between 7, and z,. Using this, the
curvature of the tool path can be smoothly fitted to the cor-
ners while the path is getting closer to the final contour.

In case of the squared shape pocket (Fig. 6 (a)), the sub-
stituted constant parameters are the following: r = 14.7,
a=1,b=1,¢=0+4/4 ¢, p=1.5/2m). The exponent is a
linear function of ¢:
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(v.-w)
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where 7, = —61.583 and 7, = 0 are the start and endpoint,
v, =0.9 and v, = 0.1 are the values of the exponent at the
start and endpoint.

In case of the hexagon-shaped pocket (Fig. 6 (b)), the
substituted constant parameters are the following: » = 21.0,
a=1,b=1,¢9=0+6/4 ¢, p=4/6 - 1.5/(2n) The exponent
is a linear function of : see Eq. (14), where 7, = —88.0 and
t, = 0 are the start and endpoint, v, = 0.9 and v, = 1.36 are
the values of the exponent at the start and endpoint.

For the manufacturing of islands, two Lamé curves were
combined, which gave a sufficient tool path. The man-
ufacturing differs from pocket milling because the tool
moves from outside to inside. It has to be noticed that
the polar angle is decreasing while the tool moves; thus,
reverse tracking of the polar angle is achieved. By the first
Lameé spiral, the value of the exponent is changed, follow-
ing the shape of the workpiece, and then becomes similar
to a circle. By the second Lamé spiral, the value of the
exponent is changed, which joins to the previous circular
shape and then follows the contour of the island.

In case of the square-shaped island (Fig. 6 (c)), the
substituted constant parameters in the first Lamé spiral
are the following: r =350, a=1,b=1, 9o = 0 + 4/4 ¢,
p =4/4 - 1.5/2n). The exponent is a linear function of ¢:
see Eq. (14), where 7, = —16/3 - (2n) and 7, = 0 are the end
and startpoint, v, = 0.99 and v, = 0.01 are the values of the
exponent at the end and startpoint.

The substituted constant parameters in the second
Lamé spiral are the following: » = 18.5, a = 1, b = 1,
@ =0+ 4/4 ¢, p=4/4 - 1.5/(2m). The exponent is a lincar
function of ¢: see Eq. (14), where r, = =5/2 - 2n) and 7, = 0
are the end and startpoint, v, = 1.01 and v, = 1.9 are the
values of the exponent at the end and startpoint.

In case of the hexagon-shaped island (Fig. 6 (d)), the
substituted constant parameters in the first Lamé spiral
are the following: »r =350, a=1,b=1, p =0 + 4/4 ¢,
p = 4/4 - 1.5/(2m). The exponent is a linear function of ¢:
see Eq. (14), where 7, = —~16/3 - (2n) and 7, = 0 are the end
and startpoint, v = 0.99 and v, = 0.01 are the values of the
exponent at the end and startpoint.

The substituted constant parameters in the second
Lamé spiral are the following: » = 18.5, a = 1, b = 1,
@ =0+ 6/4 ¢, p=4/6 - 1.5/(2m). The exponent is a linear
function of ¢: see Eq. (14), where z, = =5/2 - 2n) and 7, = 0
are the end and startpoint, v, = 1.05 and v, = 1.3 are the
values of the exponent at the end and startpoint.

3.4 Simulation analysis

The tool paths described above underwent simulation tests,
during which the path length and the evolution of cutter
engagement were analysed. The distributions of cutter
engagement values calculated with steps of 0.2 mm along
the path are represented in the histograms shown in Fig. 7.

In the case of the contour-parallel strategy, it can be
seen that the 60° cutter engagement angle corresponding
to a 25% stepover was only valid for less than half of the
path. When transitioning between offset curves, there is
no cutting along the linking movements, which is indi-
cated by a cutter engagement angle of 0°. This non-pro-
ductive part of the tool path can even become predominant
in island-like geometries, where the path length (L) has
significantly increased. However, in other areas of the tool
path, the cutter engagement angle significantly exceeded
the nominal value during pocket milling.

The diagrams indicate that the adaptive milling strat-
egy maintains a well-controlled tool load along the path,
the cutter engagement angle consistently staying below
the set maximum of 60°. However, this requires the use of
looped path sections in certain areas. For the geometries
tested, these unproductive sections represented 5-25% of
the total path length, which results in increased cycle time.

In the case of the Lamé curve-based tool path, the cut-
ter engagement slightly deviates from the nominal value
due to the characteristics of the path. However, this value
does not drop to zero, as no linking sections are involved.
Furthermore, the maximum cutter engagement angle during
pocket machining is lower than that in the contour-parallel
machining, because the cutter engagement fluctuates within
a narrower range. Since there are no erratic changes thanks
to the continuous curvature of the path, the feed rate sched-
uling algorithm can more effectively compensate for these
fluctuations, ensuring a uniform tool load.

3.5 Cutting experiments

3.5.1 Preparatory experiment for testing the MMR-
based feed rate scheduling

As mentioned earlier, an MRR-based feed rate schedul-
ing method was employed to address the varying cutter
engagement in both the contour parallel and Lamé curve-
based strategies. However, due to the complex relationship
between cutting parameters and cutting force, this approach
only provides a geometric solution for standardising the tool
load control. Before comparing the tool path planning strat-
egies, simple side milling experiments were also conducted
with different stepovers from 0.75 mm to 6 mm to assess the
effectiveness of the MRR-based feed rate adjustment.
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Fig. 7 The cutter engagement distributions and tool path lengths

The results of the preliminary experiment (Fig. 8) indi-
cated that when the stepover was below the nominal value,
the cutting force remained close to the value of 238 N mea-
sured at the nominal stepover. Therefore, the feed rate
increase based on the MRR was appropriate. Although a
slight increase in the measured force was observed when the
stepover was between 25% and 50% of the tool diameter,
it remained within acceptable limits (the relative increase
was between 5-10%). For stepovers greater than 50%, the
reduction in feed rate, driven by constant MRR, led to lower
cutting forces (the relative decrease was between 10-20%).
This occurs because when the cutter engagement exceeds
90°, the maximum chip thickness consistently equals the feed

The effect of feed rate adjustment on cutting force
350 .
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Fig. 8 The Lamé curve-based tool paths

per tooth. However, since the force is distributed over a larger
area of the helical-shaped tool edge, a lower resultant cutting
force is necessary to keep the cutting torque under control.

In summary, it can be concluded that the MRR-based
feed rate adjustment operated reliably in the machining
environment used for the experiments.

During the machining of the sample geometries, the mea-
sured forces indicated that the tool had to endure signifi-
cantly higher loads than the nominal force recorded during
linear contour milling with nominal parameters. In addition
to the fluctuation of the cutter engagement, the explanation
for this is that the side wall of the workpiece blocked the
coolant from reaching the tool differently at various points
along the path. This issue was observed even with the adap-
tive milling strategy, where the cutter engagement was kept
within strict limits, yet the maximum measured force val-
ues still exceeded the expected nominal value by 20—40%.
Nonetheless, the experiments are fully comparable, as the
obstructions affected all strategies similarly.

3.5.2 Machining of pocket geometries

Figs. 9 and 10 show the cutting forces measured during the
milling of square and hexagon-shaped pocket geometries,
respectively. A problem caused by the partially blocked flood
coolant discussed earlier is especially critical for pocket
milling paths, as the shape of the allowance is difficult to
access. Accordingly, the maximum force values were 359 N
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Fig. 10 The measured cutting forces when machining the hexagon-shaped pocket geometry

and 343 N for the contour-parallel tool path with constant
feed, 359 N and 343 N with adjusted feed, and 338 N for both
geometries with the adaptive milling strategy. However,
the Lamé curve-based tool path exhibited the lowest tool
load for both geometries, 298 N and 311 N, respectively.

In addition to having the lowest tool load, the Lamé
curve-based tool path also demonstrated the shortest
machining times, namely 40 s and 54 s. This is compared
to 43 s and 60 s for the contour-parallel strategy with con-
stant feed, 43 s and 58 s for the contour-parallel strategy
with adjusted feed, and 55 s and 64 s for the adaptive mill-
ing strategy. In other words, the advantages of the spi-
ral-like strategy were evident in the pocket milling paths,
as the developed Lamé curve-based strategy proved to be
the most favourable for the sample geometries examined,
both in terms of machining time and tool load.

3.5.3 Machining of island geometries
Some fluctuations in cutting force were also observed for
the island geometries across all strategies, but the peak

values were lower due to the less enclosed allowance shape.
The maximum force values recorded (Figs. 11 and 12) were
as follows: 304 N and 291 N for the contour-parallel tool
path with a constant feed, 277 N and 255 N contour-parallel
tool path with the adjusted feed, and 304 N and 294 N for
the adaptive milling strategy. In contrast, the Lamé curve-
based tool path showed low tool load for both geometries,
measuring 267 N. Therefore, in terms of cutting forces, only
the contour-parallel strategy with adaptive feed matched the
performance of the developed Lamé spiral strategy, while
all other strategies exhibited higher tool loads.

However, regarding machining time, the contour-par-
allel strategy performed poorly for the geometries exam-
ined. Since the allowance shape was broken into several
parts, numerous linking movements were needed in the
path, leading to longer machining times. Specifically, the
machining times were 192 s and 168 s for the contour-par-
allel strategy with constant feed, and 177 s and 156 s for the
contour-parallel strategy with adjusted feed. In contrast,
the adaptive milling strategy achieved machining times
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Fig. 12 The measured cutting forces when machining the hexagon-shaped island geometry

of only 120 s and 105 s, while the Lamé curve-based strat-
egy recorded times of 108 s and 103 s. Thus, from a cycle
time perspective, the developed strategy significantly out-
performed the contour-parallel strategy and even slightly
surpassed the adaptive milling strategy. Therefore, when
considering both tool load and machining times, the Lamé
curve-based strategy was also the most favourable option
for the island geometries examined.

3.6 Conclusions and future work

Although the measurement results for each geometry and
machining strategy have been presented above, these data
have also been summarised in bar charts for enhanced
clarity (Fig. 13).

In the contour-parallel strategy, feed rate adjustment
improves both machining time and tool load control.
Adjusting the feed rate prevents overloads in areas with
a large cutter engagement by reducing the feed, while it

saves time in segments with a small cutter engagement by
increasing the feed. When dealing with pocket-like geom-
etries, where the tool path leads along concave corners,
adjusting the feed rate significantly reduces force. In con-
trast, for island-like geometries, increasing the feed rate
helps save time at convex arcs.

In the case of island-like geometries, the adaptive
milling strategy resulted in significantly shorter machin-
ing times compared to contour-parallel paths, mainly
due to fewer linking movements. However, the adaptive
milling strategy also included trochoidal sections in the
pocket milling paths, which led to slightly longer machin-
ing times. Therefore, while the tool load control with the
adaptive milling strategy is effective, there is still room for
improvement regarding the cycle time.

On the contrary, it has to be noticed that the proposed
Lamé curve-based strategy can generate the tool path with
a single continuous spiral, eliminating the need for linking
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movements in both pocket and island geometries. While
this approach may lead to some fluctuations in the cutter
engagement, controlling the feed rate can mitigate its impact
on the cutting force. As a result, this solution has shown
favourable performance regarding the measured tool load.
Although surface roughness was not measured due to the
focus on rough milling, the proposed method is not expected
to perform worse than the alternative strategies. In fact, the
smaller variation in cutter engagement angle and the contin-
uous cutting process could even lead to improved surface
quality. In future research, we aim to extend the method to
handle more general geometries, including irregular bound-
aries and pockets with multiple internal features. Moreover,
we plan to generalize the approach for multi-dimensional
machining tasks and explore its integration as a component
within hybrid algorithms. By effectively covering a variety
of shapes beyond simple spirals, the Lamé-based approach
can nicely complement current hybrid strategies. We also
see potential in using Al to optimize parameters like 7 and p,
further improving flexibility and performance.

4 Summary
This paper introduces a newly developed spiral tool

path planning strategy that utilises Lamé curves.

By appropriately parameterising the Lamé curve, a con-
tinuous spiral transition can be achieved between different
shapes, thereby allowing for the machining of the allow-
ance material without any linking movements. Although
the cutter engagement slightly fluctuates along the path,
it remains within a narrow range, allowing for excellent
tool load control by adjusting the feed rate. During the
algorithm validation, comparisons were made with the
traditional contour-parallel strategy and the NX CAM
Adaptive milling cycle using four sample geometries: a
square-shaped pocket, a hexagon-shaped pocket, a square-
shaped island, and a hexagon-shaped island. The follow-
ing conclusions can be drawn from this analysis:
* by using the Lamé curve-based tool path, there was
a 15-25% improvement in machining time for pock-
et-like geometries and a 1-10% improvement for
island-like geometries compared to the adaptive
milling strategy; while there was a 5-15% improve-
ment for pocket-like geometries and a 39-44%
improvement for island-like geometries compared to
the contour-parallel milling strategy
* by using the Lamé curve-based tool path, there was
an 8—12% decrease in peak cutting force for pock-
et-like geometries and a 9-15% improvement for



island-like geometries compared to the adaptive
milling strategy; while there was a 3—17% improve-
ment for pocket-like geometries and a 3-12%
improvement for island-like geometries compared to
the contour-parallel milling strategy (except for the
machining of the hexagon-shaped island, where the
maximum cutting force was 5% lower for the con-
tour-parallel path with adaptive feed)

 considering the previous results, the developed strat-
egy can be effectively used for roughing operations
of both open and closed allowance shapes

Further potential applications include the generation of
morphed spiral tool paths for the finishing of free-form
surfaces, as well as the creation of tool paths for 3D print-
ing technologies, whether using lasers or filaments. From
a practical perspective, the uninterrupted and smooth
nature of the tool path offers benefits for industrial appli-
cations, such as improved tool life, reduced machine wear,
and overall shorter cycle times. Importantly, the reduc-
tion in machining time translates directly into cost sav-
ings in production, making the proposed strategy not only
technically effective but also economically advantageous
for industrial use. The proposed method proved to be the
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