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Abstract

A detailed parameter study is made of chemically active spherical bubbles. The calculations apply an up-to-date chemical mechanism 

for pure oxygen initial content, taking into account pressure dependency, duplication of chemical reactions, and proper third-body 

efficiency coefficients. The chemical yield is defined as the amount of substance at the maximum bubble radius, and the dissipated 

power is approached in a relatively new method. The parameter study focuses on finding the parameter combinations where 

maximum yield and maximum energy efficiency arise for various chemical species (O3, OH radical, H2 and H2O2). Results show that 

the locations of maximum yield and efficiency points differ significantly, depending on the chemical species. Usually, neither chemical 

yield nor efficiency values arise at maximum pressure amplitude and minimum driving frequency (as one would presumably expect).
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1 Introduction
Irradiating a liquid domain with high intensity and high- 
frequency ultrasound, micron-sized bubbles are formed [1, 
2] in so-called bubble clusters [3, 4]. When the pressure 
amplitude extends Blake's critical threshold [5], the bub-
bles tend to grow even ten times the equilibrium size in 
the negative pressure phase. This is followed by a  rapid 
compression in the positive pressure phase due to the 
high inertia of the liquid [6, 7]. The final temperature of 
the compression can reach several thousands of Kelvins, 
which induces chemical reactions inside the bubbles [8, 9]. 
This procedure is called sonochemistry, and it has been 
a heavily researched area in the last decades [10, 11].

One of the biggest challenges in sonochemical mod-
elling is the validation of chemical mechanisms. Many 
authors work with several different models for different 
chemical compositions [12–14], and the results often al- 
ter significantly. Recently, we published a comprehensive 
study [15] about chemical modelling in sonochemistry, 
and we even suggested a state-of-the-art mechanism for 
a pure oxygen bubble.

Most of the papers focus on the maximizing chemical 
yield of various species [13, 16] in terms of bubble tempera-
ture, bubble size, or driving parameters. However, from 

a practical applications point of view, the energetic aspects 
cannot be avoided at some point; the amount of input power 
has to be taken into account in order to operate in opti-
mal conditions. An obvious approach would be consider-
ing the acoustic power irradiated by the ultrasound trans-
ducer, which could be easily calculated from the driving 
parameters (pressure amplitude and frequency). However, 
this often leads to highly misleading conclusions due to 
a common phenomenon in sonochemical reactors called 
acoustic shielding [17]. This means that the acoustic radia-
tion cannot penetrate the bulk liquid because the outer lay-
ers of the cluster absorb a significant amount of energy of 
the ultrasound. Consequently, the emitted acoustic power 
is not a good metric for the input power.

In our approach, we define input power as the dissipated 
power of a single bubble, which was introduced lately by 
several authors [18–20]. This avoids the possible miscal-
culations caused by the aforementioned shielding effect 
and gives a theoretical maximum efficiency that can be 
achieved by proper reactor operation.

In the present paper, a detailed, numerical parameter 
study is made, using a state-of-the-art chemical mecha-
nism for purely oxygen bubble content. The chemical yield 
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and energy efficiency are defined appropriately for applica-
tional purposes. Yield and efficiency maps are constructed 
in order to explore optimal parameter combinations.

2 Chemical mechanism and the mathematical model
The chemical mechanism applied in this work was chosen 
based on the aforementioned comparison in our previous 
paper [15]. It was shown that it is crucial to use the best 
chemical mechanism available in order to draw quantita-
tively correct conclusions. The chemical model applied 
in our paper was developed in [21], and it was proven to 
be the best mechanism regarding bubbles saturated with 
pure oxygen. The model works with precisely validated 
Arrhenius-constants, and takes into account third body 
efficiencies, pressure-dependent and duplicated reactions 
as well. Here, only a brief introduction of the mathemat-
ical model is presented; the details of the full mechanism 
and the model parameters are described thoroughly in [15].

The rate of a chemical reaction is calculated by the 
modified Arrhenius equation as:

k AT eb
E
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�
R , 	 (1)

where k is the (forward) reaction rate constant, T is tem-
perature, R is the universal gas constant, and A, b and 
E are the three Arrhenius-constants. This reaction rate is 
possibly modified by specific third-body efficiencies, pres-
sure-dependent terms, or reaction duplication. The back-
ward reaction rate is calculated by fulfilling proper ther-
modynamic conditions.

The production rate of each chemical species is deter-
mined by:
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where vki are the stochiometric coefficients in reaction i, 
qi  is the net reaction rate of reaction i, and K is the total 
number of chemical species.

As for physical conditions, the bubble is considered as 
spherically symmetric and isolated. The gas content is 
treated as ideal gas, the pressure, temperature, and con-
centration of the species are spatially uniform. Heat fluxes 
are modeled with a proper boundary layer approxima-
tion [22], and evaporation of water is estimated with the 
approach of [23] assuming non-equilibrium phase change. 
The different thermodynamic properties (specific heat, 
enthalpy, entropy) are calculated via NASA polynomials. 
Again, the interested reader is referred to [15] for details.

The radial dynamics of the isolated bubble is described 
by the Keller-Miksis equation in the form of:
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where R(t) is the unknown function of bubble radius, cL is 
the sound speed in liquid, ρL is the liquid density, pL is the 
pressure at the bubble wall and p∞ is the far field pressure, 
excited by ultrasound as p∞ = P∞ + pA sin  2  π ft. Here, P∞ is 
the ambient pressure, pA and  f are the ultrasound amplitude 
and frequency, respectively. As a boundary condition, the 
internal pressure is expressed as p = pL + 2σ / R + 4 μL Ṙ / R, 
where σ and μL are the surface tension and the dynamic vis-
cosity of the liquid, respectively.

The energy balance between the bubble interior and the 
bulk liquid is characterized by the first law of thermody-
namics in the form of:

c T pV Qv
  � � � , 	 (4)

where c̅v is the average molar heat capacity of the mixture 
at constant volume, V is the volume of the bubble and Q  is 
the sum of reaction heats and heat fluxes.

The amount of dissipated power of a single bubble is 
calculated by the approach of Jamshidi and Brenner [19]. 
Accordingly, the dissipated power is categorized into three 
main sources: thermal, viscous and radiation dissipation, 
namely:
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where Tp = 1 / f is the period of the excitation, Πth, Πv and Πr 
are the thermal, viscous and radiation dissipation in Watt 
units, respectively. The total dissipated power is the sum 
of the three components written as Πw  = Πth  + Πv  + Πr. 
It should be noted that the dissipation is averaged over one 
acoustic cycle. This amount of power will be regarded as 
input power when the energy efficiencies are calculated.
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3 Equation system and numerical method
The set of ordinary differential equations consists as fol-
lows. The Keller-Miksis equation (Eq. (3)) is of second 
order, which could be rewritten into two first-order ones. 
The internal temperature is obtained from the first law of 
thermodynamics (Eq. (4)). The temporal evolution of the 
concentration of each chemical species is determined as:

 



c c V
Vk k k� �� , 	 (8)

with the amount of water vapor being adjusted by the net 
evaporation rate.

The value of Πw is being integrated during the numerical 
simulation, as well. These altogether conclude in a system 
of ordinary differential equations of size 3 + K + 1 = K + 4. 
In our case, ten different chemical species are considered, 
meaning the size of the equation system is 14.

The system is solved numerically with the 4th or 5th 
order Runge-Kutta-Cash-Karp scheme, with embedded 
error estimation. Both absolute and relative tolerances 
were set to 10−10. The initial conditions were set to the 
equilibrium state ( R0 = RE , T0 = T∞ ), and the initial concen-
trations were set as vapor content being saturated (mean-
ing p pv0 2,

*

H O
= ) and the remaining content were initiated 

to be purely oxygen.
The numerical simulations were performed on a GPU 

hardware with an in-house written ODE solver pack-
age [24, 25], developed specifically to maintain detailed 
parameter studies. The investigated control parameters 
were the pressure amplitude pA and driving frequency f, 
with the ranges shown in Table 1. The third parameter 
– the equilibrium radius – was set to 2 µm. Other fixed 
parameters are indicated in Table 2.

4 Results and discussion
4.1 Definition of chemical yield
Solving the equation system at a certain parameter com-
bination, one can obtain the time curves of bubble radius 
R(t ), internal temperature T(t ) and concentrations for each 
species ck(t ). Fig. 1 shows the times curves at f = 50 kHz 
and pA = 1.8 bar. Notice, that the concentrations are con-
verted to amount of substance in moles, the bubble radius 
is nondimensionalized with RE , and the time axes are also 

in nondimensional form of τ = t ∙ f. This means τ = 1 cor-
responds to one full acoustic cycle. Observe that only the 
convergent part of the solution is plotted and τ is shifted to 
be 0 at the start.

It is apparent from Fig. 1 that the bubble expands drasti-
cally in the negative pressure phase. After, it collapses rap-
idly due to the high inertia of the liquid. At the end of the 
collapse, the temperature peaks at around 6000 K, where 
most of the water vapor content dissociates, and other spe-
cies appear. After the rapid compression, the temperature 

Table 1 Ranges of control parameters

Parameter name Abbrev. Range Resolution

Pressure amplitude pA 1–2 bar 512 (linear)

Driving frequency f 20–1000 kHz 512 (logarithmic)

Table 2 Values of fix parameters

Parameter name Abbrev. Value

Liquid sound speed cL 1483 m/s

Liquid density ρL 998.2 kg/m3

Surface tension σ 71.97 ∙ 10−3 N/m

Dynamic viscosity μL 0.001 Pa s

Ambient pressure P∞ 1 bar

Ambient temperature T∞ 300 K

Universal gas constant R 8.31446 J / mol K

Acc. coeff. for evap. αM 0.35

Saturated vapor pressure 2338.1 Pa

Equilibrium radius RE 2 µm

pv
*

Fig. 1 Time curves of bubble radius (blue) and temperature (red) on 
the top chart, amount of substance in moles of each species in the 

bottom chart. f = 50 kHz and pA = 1.8 bar. The chemical yields are at the 
intersection with the dashed line.
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resets to around the ambient value, and the amount of spe-
cies mostly stagnate. This dynamical equilibrium repeats 
itself during the oscillation.

For further investigation and parameter study, the chem-
ical yield is defined as the amount of substance at the max-
imum bubble radius. On Fig. 1, these values are indicated 
by the intersections with the vertical dashed line. It can be 
observed that different yields belong to each chemical spe-
cies. The main reason for this definition is that for further 
applications, this amount of substance will be available 
after switching off the acoustic radiation.

During the evaluation, only the chemical yield and the 
dissipated power will be investigated further, obtained from 
a specific parameter combination.

4.2 Mapping the chemical yields
Performing the parameter scan according to Table 1, one 
can create chemical yield maps as a function of driving 
frequency and pressure amplitude. Fig. 2 shows the maps 
for H2, O3, OH radical and H2O2. Note, that the frequency 
and yield values are on logarithmic scales, and the maxi-
mum yield values are marked with red dots on the maps. 
The charts show that the chemical yield for each spe-
cies starts to grow at pA ≈ 1.2 bar at f = 20 kHz, but this 

threshold shifts toward higher amplitudes with increas-
ing frequency. Above f ≈ 500 kHz, there is no significant 
chemical activity, except maybe for OH radical. 

Species H2, O3 and H2O2 all share a very interesting prop-
erty: the highest yield values settle in a well-bounded band, 
starting from around pA = 1.2–1.6 bar at f = 20 kHz, and as 
frequency increases, the corresponding pressure amplitude 
increases, too. The band is the narrowest for H2O2, and the 
widest for O3. However, the maximum yield values emerge 
exactly at f = 20 kHz in the case of H2, but for O3 and H2O2, 
the maximum values happen to be at the other side of the 
"bands" (see the marked maximum values with red points). 
This is quite counterintuitive behavior, as one would expect 
increasing yield with increasing pressure amplitude at first 
glance, as the collapses get stronger with pressure amplitude.

To demonstrate the existence of this optimal pressure 
amplitude (at fixed driving frequency), the time curves 
are plotted in Fig. 3 at pA = 1.73 (dotted lines) and 1.5 (con-
tinuous lines) bar. Note that in the bottom chart, only the 
amount of H2 is shown for better understandability. Also, 
the time axes are shifted so that the strong collapse is at 
τ = 0. Although at the strong collapse, both the temperature 
and molecule number peak at higher values for pA = 1.73 bar, 
after the first afterbounce, the molecule number decreases 

Fig. 2 Chemical yield maps of H2, O3, OH and H2O2 as a function of driving frequency and pressure amplitude. The frequency 
and yield scales are logarithmic. The maximum yield values for each species are marked with red dots.
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to a lower value than that of pA = 1.5 bar. This is the rea-
son for the overall chemical yield being higher for the lower 
pressure amplitude. This effect is most probably the result of 
the numerous complex chemical reactions occurring simul-
taneously, and a simple explanation might not even exist.

The existence of optimal frequency range was previously 
demonstrated experimentally by several authors [26–28] for 
H2O2 yield. They showed that higher chemical production 
occurred at f = 355 kHz than at 20 kHz. This is in really good 
qualitative agreement with our numerical results, see the 
maximum yield of H2O2 in the bottom right chart of Fig. 2.

OH radical does not show this kind of trend; its yield 
grows rather monotonically with driving frequency until 
the sonochemical threshold.

4.3 Energy efficiency inquiries
In most sonochemical applications, high chemical yield is 
necessary, however, in long-term operation, high energy 
efficiency is required, as well. Here, we define efficiency 
as the ratio of chemical yield and input power, defined 
in Section 2. by Eqs. (5)–(7). This means that different 
efficiency values belong to each chemical species. In this 
manner, all parameter combinations can be represented 
with one efficiency value for each chemical component. 
Note that the efficiencies are in mole/Watt units.

Fig. 4 shows the efficiency maps as a function of pres-
sure amplitude and driving frequency, for the same 4 spe-
cies as in Fig. 2. The frequency and efficiency values are on 
logarithmic scales again, and the maximum values are also 
marked with red dots, as well. The maps for the 4 species 

Fig. 3 Comparison of the time curves at pA = 1.73 bar (dotted lines) and 
1.5 bar (continuous lines). The driving frequency is 20 kHz. Only the 

amount of H2 is shown at the bottom chart.

Fig. 4 Efficiency maps of H2, O3, OH and H2O2 as a function of driving frequency and pressure amplitude. The frequency and 
yield scales are logarithmic. The maximum efficiency values for each species are marked with red dots.
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are rather similar: the efficiency grows drastically around 
pA = 1.2 bar at f = 20 kHz, and the bands that appeared in 
Fig. 2 are absent here, too, even for the OH radical. This is 
probably the consequence of two main reasons. First, the 
chemical yield also has similar band-like property, except 
for the OH radical. Second, the dissipated (input) power 
grows drastically as pressure amplitude increases.

Another interesting point is that the maximum efficien-
cies arise at the lowest frequency (20 kHz) for all 4 species, 
right above the sonochemical threshold, around pA = 1.2 bar. 
Observe, that these points alter immensely from the maxi-
mum yields, especially for O3, OH and H2O2. This implies 
that the optimal operating strategy heavily depends on which 
chemical species do we need, and whether we want to max-
imize the chemical yield or the efficiency. This consequence 
strongly suggests highly sophisticated chemical modeling in 
sonochemistry in order to obtain the desired operation.

5 Summary
In the present study, a state-of-the-art chemical mechanism 
is applied for a chemically active spherical bubble satu-
rated with oxygen. The model includes proper third-body 
efficiencies, pressure-dependence, and reaction duplica-
tion, as well. The system of ODEs was solved numerically 
on GPUs with an in-house made program package.

A detailed parameter study was made on the pressure 
amplitude – driving frequency plane. The investigation 
focused on the chemical yield and energy efficiency of 
specific chemical components.

The results show that the chemical yield distribu-
tion alters heavily depending on the species considered. 
The highest chemical yield values settle in a well-defined 
band; this was examined via time curves of H2. It was also 
shown that the pressure amplitude and driving frequency 
corresponding to the maximum yield differs remarkably 
depending on chemical species considered. 

The efficiency of the sonochemical reactor was defined 
with the aid of dissipated power. It was shown that maxi-
mum efficiency arises at the lowest driving frequency, just 
above the sonochemical threshold in pressure amplitude.

As a consequence, we can state that comprehensive 
knowledge about the yield and efficiency maps are essen-
tial for an optimal reactor operation.
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