1 2 | https://doi.org/10.3311/PPme.18801
Creative Commons Attribution ®

Periodica Polytechnica Mechanical Engineering, 67(1), pp. 12-18, 2023

Axisymmetric Stress State of Adhesive Joint of a Circular
Patch with a Plate Weakened by a Circular Cut-out

Sergei Kurennov', Natalia Smetankina?*, Konstantin Barakhov'

' Department of Higher Mathematics and Systems Analysis, National Aerospace University "Kharkiv Aviation Institute",
17 Chkalov Street, 61070 Kharkiv, Ukraine

2 Department of Vibration and Thermostability Studies, A. Pidhornyi Institute of Mechanical Engineering Problems of the
National Academy of Sciences of Ukraine, 2/10 Pozharskogo Street, 61046 Kharkiv, Ukraine

* Corresponding author, e-mail: nsmet@ipmach.kharkov.ua

Received: 18 June 2021, Accepted: 11 October 2022, Published online: 27 October 2022

Abstract

Adhesive lap joints are widely used in modern structures. Known analytical mathematical models of the stress state of lap joints
describe the joints of straight beams or cylindrical coaxial pipes. It is assumed that the stress state of these structures depends on
only one coordinate. The study of the stress state of plates with defects, which are reinforced by patches, in most cases requires the
use of at least two-dimensional mathematical models. In this work, it is shown that the axial symmetry of the plate, the cut-out, the
patch, and the applied load makes it possible to reduce the problem to a one-dimensional problem in the polar coordinate system.
An adhesive lap joint with circular symmetry is considered for the first time. The stress-strain state of the structure is described in

an analytical form. Comparison of the results of calculating the stress state of the joint with the results of finite element modelling

showed good adequacy of the proposed mathematical model.
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1 Introduction
In operation, thin-walled structures can acquire different
defects and damages. As a rule, the repair procedures of
such damages consist in making the hole rounded (to reduce
stress concentration) and reinforcing the cut-out, e.g., using
a repair patch. The patch can be joined with the main plate
over the entire patch surface (an overlap adhesive joint),
along lines (welded joints) or by a system of points (rivet
and bolt joints). Adhesive joints come with tightness, high
aerodynamic performance, and technological effectiveness
and do not disturb the integrity of the structure of fibrous
composites. As a rule, finite-element modelling is used to
investigate the stress state of plates having defects rein-
forced with repair patches. The patch can have an octag-
onal [1], circular [2], and rectangular [3] form. In addition
to numerical simulation, experimental studies of joints [4]
and reinforced plates for strength [5] are also carried out.
Known analytical solutions to the problem of the stress
state of lap joints consider either the joint of beams [6, 7],
or the joint of coaxial pipes [8]. A detailed review of exist-
ing analytical models is given in papers [9] and [10].

Two-dimensional mathematical models of joints that
account for non-uniform distribution of stresses over the
joint width also assume a rectangular adhesive bond form.
In papers [11] and [12], the problem of the joint stress state
is reduced to a system of differential equations in partial
derivatives with respect to displacements, which is solved
numerically by the finite difference method. If we sim-
plify the mathematical model, assuming that the connected
plates are shear compliant, then the analytical solution can
be obtained in the form of double Fourier series [13] or as
an expansion of the series in terms of eigenfunctions [14].
There is a second approach that allows one to describe the
stress state of a joint in an analytical form. It lies in the fact
that the transverse deformations, which are due to Poisson's
ratios, are assumed to be equal to zero. This approach makes
it possible to find in an analytical form the stress state of
plate joints under non-uniform loads [14], joints of plates
with different widths, and the solution of some other prob-
lems [15]. There are more simple two-dimensional models
of the stress state of joints of rectangular plates [16].
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In most of the above works, the distribution of stresses
over the thickness of the plates or shells being joined is
assumed to be uniform or linear one. There are two-dimen-
sional in thickness mathematical models of the stress
state of overlap adhesive joints based on the solution to
a two-dimensional problem of the theory of elasticity.
In the paper [17], the problem of the axisymmetric stress
state of the joint of the plate, which contains a through thin
defect, with a circular patch is solved. In this case, trans-
verse displacements due to the bending of the structure are
not taken into account.

If we assume that the distribution of stresses over the
thickness of the joined plates is uniform one (without
account for bending), and the joint of the patch with the
main plate is not distributed over the surface but concen-
trated along the line (a welded joint), then this problem
statement has an analytical solution for a non-axisymmet-
ric load [18, 19].

The objective of this work is to build an analytical solu-
tion of the problem on the axisymmetric stress state of
a plate that has a circular cut-out reinforced on one side
with a concentric patch. In contrast to [17], the mathemat-
ical model of the stress-strain state of a structure is based
on the classical theory of bending of circular plates. This
model makes it possible to take into account the influence
of the bending of the structure, as well as consider a cut-out
of an arbitrary radius.

The mathematical model of the joint suggested in the
paper can be considered a generalization of the classical
Goland and Reissner model of adhesively joined rods for
circular symmetry [9], as well as a development of the the-
ory of circle three-layer plates [20]. In this case, as opposed
to known models [18] and [21], the upper and lower
load-bearing layers have different boundary conditions.

2 Materials and methods
Let us consider an adhesive joint of two circular plates
shown in Fig. 1.

The radius of the hole in the main plate is R and the
radius of the patch is R,. Let the main plate thickness be J,
and that of the patch, ,. The thickness of the adhesive layer
between the plates is 6. The main plate's outer radius is R..

The main plate is loaded with tensile forces F applied
along radius R.. Let us consider the adhesive bond domain
r € [R; R ]. The equilibrium of the differential element of
the bottom plate is shown in Fig. 2.

Owing to axial symmetry, the forces in the load-bear-
ing layers are independent of the angle coordinate, and
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Fig. 1 Structural diagram
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Fig. 2 Differential element equilibrium

tangential forces in the load-bearing layers are absent.
Subscript "1" corresponds to the main plate, and subscript
"2", to the circular patch within the adhesive bond domain.

The equilibrium equations of the elements of the load-
bearing layers in the adhesive bond domain have the form
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where N,, O, are normal forces k in the plate in the radial
and circumferential directions, k£ = 1, 2; 7, o are tangential
and normal (cleavage) stresses in the adhesive layer; M,
is bending moment in layer k in the radial direction; M,
is bending moment in layer & in the circumferential direc-
tion; A, is shearing force in layer k.

The tangential and normal stresses in the adhesive layer
are uniform across the thickness and are proportional to
the difference of longitudinal and transverse displacements

facing the adhesive layer on the sides of the plates [6, 9]:

-t -u, 345 5 )

o=P (W, - 4
2 dr 2 dr Z(ZWI)’ @

where P, and P, is adh%sive layer shear and cleavage stiff-
ness, P, = GO/(SO, 2= m , where, respectively, £, G, u,,
is elast1c1ty modulus, shear modulus and Poisson's ratio of
the adhesive; W, are transverse displacements of layer k; U,
are longitudinal (radial) displacements of layer &, k=1, 2

Hooke's law for plates takes the form

N, =B, (8kr + :ukgk(p)’ 0, =B, (g"?’ * ’ukgk’) ’ ©)

where B, =6 E, /[(1-u,?) is membrane stiffness of the plates;
, is Poisson's ratio of the material of plate &, k = 1, 2;
E_ is elasticity modulus of the material of plate k; ¢, and
&, is layer £ deformation in the radial and circumferential
directions.

The functional relationship between displacements and

deformations is

Ep =775 &, = =, (6)

The equations of axisymmetric bending of circular
plates (according to the Kirchhoff-Love theory) are

Mkr = D [ddW lLtk ddVV ]
¥ rodr
W 1d (7
1 w,
My =D, ('uk a’r2 r dr ]

where D, = E 6/(1-u,)is bending stiffness of the load-
bearing layers.

2.1 Adhesive bond domain

Differentiating Eq. (4) and using Egs. (1)—~(3) and Egs. (5)—(7),
we obtain a system of equations for stresses in the adhe-
sive layer:
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We can find ¢ from Eq. (8) and substitute it into Eq. (9)
to obtain a linear seventh-order differential equation for
tangential stresses in the adhesive. The equation obtained
is not given here in view of its awkwardness. The general
solution of the obtained equation is found in the form.

6 C7
=Y CK (Ar)+—L, (10)
n=1

7

where K (4 ) are modified Bessel functions of second
kind (Macdonald's functions); C are arbitrary constants.
Constants 4 _are the roots of the characteristic equation

6 4 2 2 _
A" =—aA’ +a,A” +a;,RP, —aa, =0.

Knowing 7 from Eq. (8), finding the normal stresses in
the adhesive layer is straightforward

o= ZC K, ( (11)

where o = (A °—a A )/(P a,).

Note that the stress state of overlap joining of rods or
beams [6, 7, 9] is described by linear combinations of expo-
nential functions. In the problem considered, owing to cir-
cular symmetry, the analogues of exponential functions are
unbounded and non-periodic modified Bessel functions.

Using Egs. (5) and (6), from Eq. (1) we obtain differ-
ential equations yielding analytical solutions for longitudi-
nal displacements of plates U, and U,. Substituting stresses
Eq. (11) into Eq. (4), we obtain the difference of transverse
displacements W, — W,. Substituting Eq. (10) into Eq. (4)
and integrating, we obtain the expression J,W, + J W,.
Solving the given system of linear equations, we find the
transverse displacements of the plate and patch ¥, and W,
in the adhesive bond domain. Knowing the stresses in the
adhesive layer Egs. (10) and (11), and the longitudinal and
transverse stresses, finding the linear bending moments, as
well as the radial, circumferential and the shearing forces in
both plates from Egs. (5)—(7) and Eq. (2) is straightforward.



2.2 Domains beyond the adhesive bond

There are two domains beyond the adhesive bond, viz. the
main plate (R, < r < R,) and the patch above the cut-out
(0 <7 <R). Superscript "3" denotes displacements and
force factors in the main plate beyond the adhesive bond.
Superscript "4" denotes the displacements and force fac-
tors in the patch above the cut-out. The displacements in
these areas are described by known deformations of circu-
lar plates with no shearing forces

dzUm
S —— =0,
dr rodr r

aw, 1dw, 1dw,
3 T2 T2 =0,
dr rodr roodr

where m = 3, 4.

These equations have analytical solutions. The bending
moments, and the radial and tangential forces are found
from Egs. (5)—(7). The shearing forces in the plates

2
pomp A0 )
dr\ dr rodr

m=3,4.

2.3 Boundary conditions

Coefficients C,, C,...., C, and c,..., ¢, with 5,..., s, are
found from the boundary conditions and conditions of
conjunction of displacements and forces on the boundar-
ies of the domains.

In point » = 0, the transverse displacements should be
bounded, and the longitudinal displacements should be
equal to zero. Hence, it follows that ¢, = 0,5, =0 .

We assume that the main plate on the outer boundary
has a sliding hinged embedment and is loaded with longi-
tudinal forces

W,(R,)=0;M,(R,)=0-N,(R,)=F =0,5,.

This implies that tensile stresses o, which form radial
forces F = ¢,d,, are applied over the outer perimeter of the
main plate, Fig. 1.

The conjunction conditions and the conditions on the

patch boundary have the form:

Ul(Rz)_Us(Rz)ZO; VVl(Rz)_M(Rz):O;

an| _dm,
ar |, — drlg

M, (R,)-M, (R,)=0; N,(R,)-N,(R,)=0
H,(R,)=0; N,(R,)=0.

=0; M, (R,)=0;

The conjunction conditions on the inner boundary of
the adhesive bond domain have the form:
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Uz(Rl)_U4(R1)=0; Wz(Rl)_Wzt(Rl)ZO;

N A
dr r=R, dr r=R,

MZV(R])_M4r(R1):0; Nz(Rl)_N4(R1):O;
H,(R)=0;M,(R)=0; N,(R)=0.

The given equations form a closed system of linear
equations for unknown coefficients.

3 Results

Let us consider a structure having the following parameters:
R, =40 mm, R, = 60 mm, R, = 5R,, 6, = 6, = 3 mm (main
plate), d, = J, = 5 mm (patch), 5, = 0.1 mm. We assume that
the main plate and the patch are made of the same material,
=u,=0.28.
The adhesive elastic parameters are E, = 0.9 GPa,
G, = 0.3214 GPa (i.e., u, = 0.4). Since the main plate has
a fairly big outer radius R,, which significantly exceeds the

ie., E, = E, =70 GPa (an aluminium alloy), x,

patch radius, the boundary conditions on the plate outer
boundary have no effect on the stress state of the joint.

Fig. 3 shows the graphs of normal (a) and tangential (b)
stresses in the adhesive layer, Eq. (4). Solid lines show the
stresses computed using the suggested analytical model
(AM), and dashed lines show the stresses in the median
plane of the adhesive layer computed using finite-element
modelling (FEM).

The stresses are presented in dimensionless form as
ratios of acting stresses and stresses ¢” = F/(R, - R,), which
are forces F related to the adhesive joint width. The hori-
zontal axis coordinate 7= (r — R )R, — R)) is the relative
distance from the hole boundary.

When creating this two-dimensional axisymmetric
finite-element model, the maximum size of the final ele-
ment of the adhesive layer is assigned 0.3 J,, and the max-
imum size of the elements of the load-bearing layers is
0.1 6,. The average quality of the elements is 0.8831.

The finite-element model of the joint is supplemented
with chamfers of radius 2 4 in the corners of the load-bear-
ing layers and flashes on the ends of the adhesive joint.
These flashes are the squeezed out excess adhesive in the
form of a quadrant with the radius 3 §,. A fragment of the
finite-element model in the vicinity of the adhesive joint is
shown in Fig. 4 (a). A fragment of the finite-element mesh
in the vicinity of the joint edge is shown in Fig. 4 (b).

The values of the stresses computed using two different
models are virtually the same. Slight differences are seen
near the ends of the joint. This phenomenon is well known
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Fig. 3 Stresses in the adhesive layer
[6, 7, 9] and is due to that, according to Eq. (4), the tangen-
tial stresses are maximum on the edge of the adhesive bond
domain, though this contradicts the reciprocity law for tan-
gential stresses. This effect is significantly weakened by

the presence of chamfers and excess adhesive squeezed out
of the joint edge [9, 22].

4 Discussion

An analytical solution of the problem of determining the
axisymmetric stress state of an adhesive joint of a circu-
lar plate with a cut-out reinforced with a concentric circu-
lar patch was found. The suggested mathematical model
of the joint is a generalization of the classical Goland-
Reissner model of the adhesive bond of two rectangular
plates [9] for a circular symmetry domain. The problem
is reduced to a system of differential equations for tangen-
tial and normal stresses in the adhesive layer. An import-
ant dissimilarity of the problem being considered from the
classical problem of force transmission in an overlap joint
of rods or rectangular plates [9, 10] is that in the given case
it is impossible to ensure transmission of all forces from

mm
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Fig. 4 Fragments of the finite-element model

the main plate to the patch. This is due to that, in Eq. (1),
the radial forces in the plates are offset by not only the tan-
gential forces in the adhesive, but also by the circumferen-
tial forces in the plates.

Studies have shown that the bending of the structure
contributes essentially to the stress state of the main plate
in the vicinity of the cut-out. Moreover, the maximal
stresses in the vicinity of the cut-out in the case of a rela-
tively thin patch can even exceed similar stresses without
a patch. To reduce the bending, it is practical to use a patch
having high bending stiffness or place two similar patches
on both sides of the main plate [6].

Finite-element modelling has shown that the model has
an accuracy that is adequate for design tasks.

5 Conclusions

In this study, an axisymmetric model of the stress state
of a plate that has a circular cut-out reinforced with a cir-
cular concentric patch is considered. The patch is over-
lapped with the main plate by means of the adhesive layer.
The suggested mathematical model is based on the the-
ory of bending of circle plates. The problem solution is
obtained in the analytical form. Comparison of the calcu-
lation results with finite element modelling showed a high
adequacy of the proposed model.



The offered model can be developed in the following

directions.

1. The terms describing thermal strains can be added
into Eq. (5) that enables us to study thermal stresses
in joints.

2. The inertial terms can be added into the equations of

equilibrium Egs. (1)—(3); as a result, the stress state
model makes it possible to analyze dynamic stresses
in adhesive joints of plates [23, 24].

3. Todescribethestressstateoftheadhesivelayerinstead

of Eq. (4) a more complex two-parameter model of an
elastic foundation [6, 7], can be used that it enables to
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