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Abstract

In the present work, results of a numerical study carried out using finite volume method, to investigate the fluid flow and heat 

transfer characteristics of Alumina ( Al2O3 ) nanoparticles in the base fluid (water) in a square cavity under natural convection mode are 

presented. The Semi Implicit Method for Pressure Linked Equations (SIMPLE) algorithm was used to solve the discretized momentum 

and energy equations. Constant temperature heat sources of same strength are placed on bottom and left vertical surfaces whereas 

the right surface was kept cold, while the top surface was maintained as adiabatic. The impact of Rayleigh number (RaN) ( 1000 to 

106 ) and nanoparticles volume fraction (Φ = 0 %, 5 %, 10 %, 15 % and 20 %) on fluid and heat flow characteristics were numerically 

investigated and presented in the form of streamlines, isothermal lines, mid line horizontal and vertical velocity components, local 

Nusselt number ( Nuloc ) and average Nusselt number ( Nuavg ). The obtained results indicate, for lower RaN ( i.e;  103 ), conduction 

dominates over convection near heated surfaces and results in lower fluid velocities and poor heat transfer. For higher values of 

RaN ( RaN = 105 and 106 ) and volume fraction of nanoparticles, there was a significant increase in mid horizontal and vertical velocity 

components, Nuloc and Nuavg due to increase in convective heat transfer and thermal conductivity of nanofluid.
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1 Introduction
Due to wide variety applications of natural convec-
tive heat transfer such as electronics cooling, insulation 
of nuclear reactors, heat exchangers, micro channel heat 
sinks, solar collectors, crystal growth in liquids and many 
other industrial and engineering applications, it has been 
a major area of research for scientists and engineers for 
many years. Cooling fluids used in heat transfer applica-
tions such as water, ethylene glycol, toluene, mineral oils, 
etc. possess poor thermal conductivity which impose lim-
itations on their wider range of applications. There have 
been numerous strategies being tested to find out alter-
natives for these conventional cooling mediums and one 
among them is nanofluids. Available literature in the area 
concerned indicates, with theaddition of nanosize particles 
of metals, metal oxides, nitrides to the base fluids, heat car-
rying capacity of the base fluid increasesdue to increase 
in the thermal conductivity. Nanofluids are dilute liquid 
suspensions of nanoparticles with diameter lesser than 

100 nm suspending stable and uniform in a base fluid [1]. 
Keblinski et al. [2] have reported that thermal conductiv-
ity increases with decrease in grain size of nanoparticles 
and explained the influential mechanisms responsible for 
enhanced heat conduction in nanofluids. Xuan and Li [3] 
developed methods for preparation of nanofluids and dis-
cussed that the shape, dimensions, volume fraction and 
properties of nanoparticles affects the thermal conductiv-
ity of nanofluids. Jang and Choi  [4] theoretically investi-
gated a model of thermal conductivity and reported that 
as the volume fraction of nanoparticles in the base fluid 
increases, the ratio of thermal conductivity of nanofluid to 
its base fluid and the ratio of viscosity of nanofluid to the 
base fluid increases. Jang and Choi [5] developed a theo-
retical model to understand the importance of Brownian 
motion of nanoparticles at the micro and nanoscale level 
and also predicts the particle-size and temperature-de-
pendent conductivity of nanofluids. Xie et al. [6] prepared 
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different suspensions of Al2O3 nanoparticles for their 
experimental study and reported that increase in ther-
mal conductivity of nanofluid is highly dependent on spe-
cific surface area of nanoparticles. And also discussed 
that thermal conductivity ratio decrease with increase in 
thermal conductivity of base fluid with the same nanopar-
ticles. Wang et al.  [7] numerically investigated the effect 
of rod and sphere shaped Al2O3 nanoparticles on convec-
tive heat transfer inside a cubical enclosure and reported, 
for  Rayleigh number more than 10000, average Nusselt 
number decreases with increase in volume fraction of 
nanoparticles for rod shaped particles where as it increases 
for spherical shaped particles. Khalili et al. [8] performed 
computational investigation of alumina nanoparticles (1 %, 
2 %, 5 %) at Rayleigh numbers 103 and 105 through hot and 
cold tubes of different diameters and reported that average 
Nusselt number increases with increase in volume fraction 
of nanoparticles but reported decrease in nanofluid heat 
transfer. Bondarenko et al. [9] performed numerical simu-
lation of natural convective heat transfer consisting of heat 
conducting and heat generating source placed in alumi-
na-water nanofluid inside the cavity. Their results showed 
that heat conducting and heat generating element of poor 
thermal conductivity can be cooled more effectively by 
nanofluids. Rashidi et al.  [10] have investigated the flow 
and heat transfer characteristics of Al2O3 nanofluid filled 
in a square cavity for different aspect ratios and volume 
fraction of nanoparticles. It has been reported that vertical 
velocity component of nanaofluid at mid horizontal line of 
the cavity decreases with increase in volume fraction of 
nanoparticles from 3 % to 9 % at RaN = 104. Though the 
applications of heat sources on adjacent sides of the wall 
are wide, as in case of natural convective cooling of elec-
tronic devices, the literature available in this regard using 
nanoparticles in base fluid is very limited. In the present 
work, the impact of RaN and volume fraction of nanoflu-
ids on fluid flow and heat transfer inside the square cavity 
filled with Al2O3-Water nanofluid with adjacent localized 
heat sources is numerically investigated using FVM for 
steady flow laminar natural convection.

1.1 Description of the problem
The schematic representation of square cavity filled with 
Al2O3-Water nanofluid is presented Fig.  1. Two constant 
temperature hot sources, Th are located on two adjacent 
surfaces (Bottom and Left vertical wall), while verti-
cal right surface was maintained at low temperature Tc , 
and the top surface is insulated. The assumptions made 

for the nanofluid flow and heat transfer inside the cavity 
are steady, two dimensional, laminar, incompressible and 
Newtonian fluid. Boussinesq approximation is considered 
to account for density variation of nanofluids and the other 
properties are assumed to be constant.

2 Mathematical formulation of the problem
The following are the dimensionless terms are used to 
obtain dimensionless governing equations are
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Fig. 1 Schematic view of the problem with heat sources on bottom and 
left surfaces
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The density, diffusivity, heat capacitance, coefficient 
of thermal expansion, thermal conductivity of nanofli-
uds [11] and viscosity [12] (Table 1) are determined by
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The local and Nuavg on the bottom surface is calculated 
by using the following expressions: 
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The local and Nuavg on the left surface is calculated 
by using the following expressions: 
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2.1 Boundary conditions
The non-dimensional boundary conditions along the walls 
of the square cavity are applied as:

•	 At left surface (X = 0 and 0 ≤ Y ≤ 1) U = V = θ = 0, 
whereas along the heat source, θ = 1

•	 At right surface (X = 1 and 0 ≤ Y ≤ 1) U = V = θ = 0.

•	 At top surface (Y = 1 and 0 ≤ X ≤ 1) U = V =  ∂
∂
θ
Y

 = 0.

•	 At bottom surface (Y = 0 and 0 ≤ X ≤ 1) U = V = θ = 0, 
whereas along the heat source, θ = 1.

3 Computational technique and code validation
A Finite Volume Method (FVM) was used to discretize 
non-dimensional fluid flow and energy. In order to link 
the continuity and momentum equations, the SIMPLE 
algorithm was used. The convective and diffusive terms 
in the momentum and energy equations were handled 
with Quadratic Upstream Interpolation for Convective 
Kinematics (QUICK) scheme. The discretized linear 
equations were solved by Tri-Diagonal Matrix Algorithm 
(TDMA) method. The converging criterion is taken less 
than 10−8 for all the residuals of governing equations. 
The present developed C++ numerical code was validated 
(Table 2) in terms of Nuavg , Umax , Vmax , U and V velocity 
contour maps by varying RaN for natural convection heat 
transfer. It was done considering air as a medium inside 
the square cavity in which the left wall was maintained hot 

Table 1 Thermo physical properties of Water and 
Al2O3-nanoparticles [9]

ρ ( kg / m3 ) C (J / kg K) k (W / m K) β (1 / K)

Water 997.1 4179 0.613 2.1 × 10−4

Al2O3 3970 765 40 0.85 × 10−5

Table 2 Validation of present developed code with benchmark results.

Present code Benchmark results [13] Markatos and 
Pericleous [14]

RaN = 103

Nuavg 1.134 1.11 1.108

Umax 3.640 3.649 3.544

Vmax 3.60 3.697 3.593

RaN = 104

Nuavg 2.102 2.243 2.201

Umax 16.10 16.17 16.18

Vmax 19.41 19.61 19.44

RaN = 105

Nuavg 4.53 4.519 4.430

Umax 35.95 34.73 35.73

Vmax 68.99 68.59 69.08

RaN = 106

Nuavg 8.99 8.799 8.754

Umax 64.50 64.63 68.81

Vmax 215.35 217.36 221.8
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and right wall was maintained at low temperature while the 
top and bottom walls were adiabatic. The obtained results 
were in good agreement in terms of average Nusselt num-
ber, Umax , Vmax , U and V velocity contour maps with the 
work reported by [13, 14] as shown in Figs. 2 and 3.

3.1 Grid independence study
In order to determine accurate grid size for the developed 
numerical code, grid independence test was performed 

for the case of 5 % volume fraction of Al2O3-nanoparticles 
(Φ  =  5  %) in the base fluid. Different uniform grids 
namely, 20 × 20, 40 × 40, 60 × 60, 80 × 80, 100 × 100 
were tested for horizontal and vertical velocity compo-
nents at mid horizontal and vertical lines at RaN = 104. 
It was observed from Fig. 4 (a) and (b) that both mid line 
U and V velocity components remained nearly same from 
grids 60 × 60 to 100 × 100. Hence 60 × 60 grid was chosen 
for rest of the study.

Fig. 3 Comparison of V-velocity contour maps with benchmark results [13] (RaN = 105 and 106, Pr = 0.71)

Fig. 2 Comparison of U-velocity contour maps with benchmark results [13] (RaN = 105 and 106, Pr = 0.71)
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4 Results and discussion
In this section, natural convection heat transfer and fluid 
flow of Al2O3-water nanofluid was numerically investigated 
for a steady, two-dimensional laminar flow. Two localized 
constant temperature heat sources of same magnitude 
were placed on the adjacent surfaces (bottom and left) of 
square cavity. The results were presented mainly in terms 
of impact of RaN and volume fraction of nanoparticles on 
streamlines, mid line horizontal and vertical fluid veloci-
ties, local and average Nusselt number over the heated sur-
faces inside the cavity. The value of RaN was varied from 
1000 to 106 and the volume fraction of Al2O3-nano sized 
particles was varied from 0 to 20 % (φ = 0 %, 5 %, 10 %, 
15 % and 20 %). For the entire study, Prandtl number of 
the fluid, Pr was taken as 6.2 and this number was chosen 
based on the literature available on similar work.

4.1 Impact of RaN on streamlines
Formations of streamlines in the cavity for different RaN 
are shown in Fig. 4. In this case, the cavity is filled with 
Al2O3-NF with 15 % volume fraction of nanoparticles and 
the RaN varies from 103 to 106. Due to heat transfer through 
the heated surface, there was a change in density of the fluid 
inside the cavity, leading to buoyancy driven recirculation 

flows [14]. It can be observed from the Fig. 5 (a) to (d) that 
stream lines are developed over the heated surfaces with 
two contra-rotary vortices in the upper and lower left cor-
ners inside the cavity. The stream lines rise over the heated 
surfaces reaching towards top adiabatic surface and deflect 
downwards over the right cold surface and then forms 
a continuous circulating steady flow. At RaN = 103 stream-
lines of single vortex is formed in the center of the cavity. 
As the RaN increases from 104 to 105, the stream lines of 
central flow get distorted from circular vortices to elliptical 
shape at its center. At RaN = 106, streamlines in the center 
of the cavity gets further elongated and distorted result-
ing in the formation of multiple vortices inside it. Whereas 
the upper counter rotating vortices observed to be grows 
in size with increase in RaN from 103 to 106. This is due 
to higher fluid velocities that make large mass fluid to be 
driven towards right cold wall which creates empty space 
in the corners. And these counter rotating vortices rotate 
in direction opposite to that of main flow inside the cavity. 

4.2 Impact of RaN on isothermal lines
Formation of isothermal lines due to two adjacent heated 
sources inside the cavity at 15 % volume fraction of nano-
prticles for different RaN can be seen in Fig. 6 (a) to (d). 
Due to the dominant effect of conduction heat trans-
fer than the convection at the heated surfaces, especially 
at  low RaN of 103 and 104, isothermal lines are formed 
nearly parallel to hot surfaces and to the walls resulting in 
poor heat transfer to the NF. However, it can be observed 
from Fig. 6 (c) and (d), for RaN values of 105 to 106, tem-
perature gradient was high near the heated walls than at 
the center of the cavity and isothermal lines were dis-
tributed more randomly and also space between the iso-
thermal lines and hot and cold walls decreased. This is 
due to the increased rate of heat transfer inside the cavity 
because of dominant role of convective heat transfer over 
the conduction. At RaN = 106, it can also be observed that 
the isothermal lines were formed nearly horizontal result-
ing in prevention of vertical motion of fluid in the central 
region, leading to thermal stratification for nearly 60  % 
width of the cavity, whereas higher vertical velocities were 
recorded near vertical surfaces.

4.3 Impact of volume fraction of nanoparticles 
on horizontal component of velocity, U
The impact of volumetric percentage of Al2O3 nanoparti-
cles on horizontal velocity components, U, along the mid 
vertical line inside the square cavity at different RaN is 
shown in Fig. 7. It is illustrated from Fig. 7 (a) that at low 

(a)

(b)

Fig. 4 Grid independence results at Φ = 5 percent, RaN = 104 
(a) U-horizontal velocity along mid vertical line. 
(b) V- vertical velocity along mid horizontal line
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RaN  =  103, maximum horizontal velocity component 
increased by 19 % with 5 % addition of nanoparticles and 
thereafter decreased by 5  %, 25 % and 36  % than base 
fluid velocity with increase in nanoparticle volume frac-
tion from 10 % to 20 %. Similarly, at RaN = 104 as it can 
be seen in Fig. 7 (b), nanofluid maximum horizontal veloc-
ity component increased by 28 % with 5 % volume frac-
tion and then starts to decrease by 26 %, 21 % and 15 % 
with further addition of nanoparticles up to 20 % due to 
increase in density and viscosity of nanofluids. It was also 
observed that nanofluid velocities were higher than base 
fluid velocities due to the effect of two heated sources 
on  adjacent surfaces. From the Fig.  7  (c) at RaN  =  105, 
the maximum horizontal velocity component of nanoflu-
ids was observed to be increased upon addition of volume 
fraction of nanoparticles from 5 % to 20 % than the base 
fluid by 22 %, 34 %, 43 % and 50 % due to increase in the 
buoyancy forces at high RaN. And also, from the Fig. 7 (d) 
at RaN  =  106, maximum horizontal velocity component 
shows 20  % increase in velocity for 5  % addition and 
decreases by 14 % and 12 % for 10 % and 15 % addition 

of nanoparticles and again increases to 16 % for 20 % vol-
ume fraction of nanoparticles. From Fig. 7 (a) to (d) in can 
also be observed that variation of horizontal component of 
velocity, U, along the Y direction changes form symmetry 
to asymmetry due to formation of multi circular vortices 
at high RaN in the central region of the cavity.

4.4 Impact of volume fraction of nanoparticles 
on vertical component of velocity, V
The influence of volumetric percentage addition of Al2O3 

nanoparticles on vertical velocity components, V, along 
the mid horizontal line inside the square cavity at differ-
ent RaN is shown in Fig. 8. As it is illustrated in Fig. 8 (a), 
at low RaN = 103

, the maximum vertical velocity compo-
nent increased by 21 % with 5 % addition of nanoparticles 
and thereafter decreased by 1 %, 18 % and 30 % than base 
fluid velocity with further increase in volume fraction of 
nanoparticles from 10 % to 20 %. Similarly at RaN = 104 
as shown in Fig.  8  (b), nanofluid's maximum vertical 
velocity component increased by 31 % with 5 % volume 
fraction and then starts to decrease by 24  %, 17  % and 

Fig. 5 Stream lines for different RaN for Φ = 15 percent volume fraction of Al2O3 nanoparticles. (a) RaN = 103, (b) RaN = 104, 
(c) RaN = 105, (d) RaN = 106

(a) (b)

(c) (d)
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9 % on further addition of nanoparticles up to 20 % due 
to increase in density and viscosity of nanofluids. It also 
observed that the nanofluid velocities were more than the 
base fluid velocities. From the Fig. 8 (c) at RaN = 105, it can 
be noticed that the maximum vertical velocity component 
of nanofluids was decreased upon addition of volume frac-
tion of nanoparticles from 5 % to 20 % by 27 %, 24 %, 
21 % and 17 % but it is more than the base fluid velocity. 
And also, from the Fig. 8 (d) at RaN = 106, vertical veloc-
ity became nearly zero in the central region of cavity and 
it was maximum near the vertical surfaces, whereas max-
imum vertical velocity component decreased on addition 
of nanoparticles from 5 % to 20 % by 23 %, 22 %, 21 % 
and 18 % respectively.

4.5 Impact of volume fraction of nanoparticles and 
RaN on local Nusselt number
The impact of volume fraction of nanoparticles and RaN 
on local Nusselt number along the bottom localized heated 
surfaces is illustrated in Fig. 9 (a) to (d). As it can be seen, 
with the increase in volume fraction of nanoparticles, the 

shape of local Nusselt number variation did not change 
but its magnitude increased with increase in RaN. For low 
RaN, the variation of local Nusselt number was symmetri-
cal and for high RaN of 105 and 106 it exhibited asymme-
try. Also, Nuloc increased with percentage increase in vol-
ume fraction of nanoparticles and this was due to increase 
in thermal conductivity of nanofluid and also due to high 
convective heat transfer rates at high RaN of 105 and 106. 
Similarly Fig. 10 (a) to (d) shows the distribution of Nuloc 

along the left surface for different RaN and volume frac-
tions of nanoparticles. It also exhibits same variation 
for local Nusselt number but with lesser intensity which 
resulted in lower rate of heat transfer over the left surface 
compared with bottom heated surface. 

4.6 Impact of volume fraction of Al2O3-nanoparticles in 
a base fluid and RaN on Nuavg along the bottom surface 
Fig.  11 illustrates the variation in Nuavg along the bot-
tom surface of square cavity filled with NF of Al2O3-
Water at different volume fractions of nanoparticles (from 
5 % to 20 %) for different RaN ranging from 103 to 106. 

Fig. 6 Isothermallines for different RaN for Φ = 15 percent volume fraction of nanoparticles. (a) RaN = 103, (b) RaN = 104, 
(c) RaN = 105, (d) RaN = 106

(a) (b)

(c) (d)
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(a) (b)

(c) (d)

Fig. 7 Change of horizontal component of velocity, U, along the mid vertical line of square cavity by varying RaN from 103 to 106 for different volume 
percentage addition of Al2O3-nanoparticles. (a) RaN = 103, (b) RaN = 104, (c) RaN = 105, (d) RaN = 106

Fig. 8 Change of vertical component of velocity, V, along the mid vertical line of square cavity by varying RaN from 103 to 106 for different volume 
percentage addition of Al2O3-nanoparticles. (a) RaN = 103, (b) RaN = 104, (c) RaN = 105, (d) RaN = 106

(a) (b)

(c) (d)
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The addition of nanoparticles to the base fluid causes ther-
mal conductivity of NF to be higher than base fluid and 
this will be proportional to the volume percentage addi-
tion of nanoparticles. For low RaN ( RaN = 103 and 104 ), 
there was a slight increase in Nuavg due to the dominant 
effect of conduction mode of heat transfer over the con-
vection at the bottom heated surface. The convective heat 
transfer was found to be dominant over the conduction 
heat transfer with the increase in RaN ( from RaN = 105 
and 106 ) and volume fraction of nanoparticles in the base 
fluid. This is due to the increase in buoyancy forces inside 
the cavity which resulted in significant increase in heat 
transfer along the bottom surface.

4.7 Impact of volume fraction of Al2O3-nanoparticles in 
a base fluid and RaN on Nuavg along the left surface
The variation of Nuavg along the left heated surface is 
shown in Fig. 12. From RaN = 1000 to 106, Nuavg increases 
with increase in volume fraction of nanoparticles but with 
lesser intensity than on bottom heated surface. This is 
due to the fact that nanofluid gets heated as it first flows 
over the bottom heated surface and there exists less tem-
perature difference as it comes in contact with left heated 
surface, which results in lower heat transfer rate. But at 
RaN = 106, Nuavg again shows slight increasing trend due 
to the higher fluid velocities experienced by nanofluids as 
a result of increase in buoyancy forces.

(a) (b)

(c) (d)

(e)

Fig. 9 Change of local Nusselt number along the bottom surface of square cavity for different volume fractions of Al2O3-nanoparticles and RaN 
(a) Φ = 0 %, (b) Φ = 5 %, (c) Φ = 10 %, (d) Φ = 15 %, (e) Φ = 20 % 
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(a) (b)

(c) (d)

(e)

Fig. 10 Change of local Nusselt number along the left surface of square cavity for different volume fractions of Al2O3-nanoparticles and RaN. 
(a) Φ = 0 %, (b) Φ = 5 %, (c) Φ = 10 %, (d) Φ = 15 %, (e) Φ = 20 % 

5 Conclusion
This paper investigates the impact of RaN and volume 
fractions of nanoparticles in a square cavity filled with 
Al2O3-Water NF on fluid flow and heat transfer charac-
teristics using finite volume method and SIMPLE algo-
rithm. The  important conclusions from the study are 
presented below:

1.	 With the increase in RaN from 103 to 106, there 
was a  significant change in fluid flow patterns and 
streamlines from single circulating vortices to multi 
circulating vortices in the center of square cavity.

2.	At low RaN, poor heat transfer to nanofluid was 
observed due to conduction heat transfer near the 

heated surfaces and it was found to be dominating 
the convection.

3.	 There was a significant increase in both horizontal 
and vertical component of velocities in the mid lines 
of square cavity with increase in RaN and volume 
fraction of nanoparticles.

4.	 The increase in Nuavg along the bottom surface was 
found to be higher than left heated surface with the 
increase in RaN and volume fraction of nanoparti-
cles in the base fluid. 

5.	 The distribution of Nuloc variation over the heated 
surface was observed to be symmetrical for low 
RaN ( 103 and 104 ) due to low fluid velocities and 
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domination of heat conduction, and it was unsym-
metrical for high RaN ( 105 and 106 ) due to high fluid 
velocities and higher convective heat transfer rates.
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Fig. 11 Comparison of Nuavgalong the bottom surface with increase in 
volume fraction of Al2O3-particles for RaN varying from 103 to 106.

Fig. 12 Comparison of Nuavg along the left surface with increase in 
volume fraction of Al2O3-particles for RaN varying from 103 to 106.

Nomenclature
C specific heat, (J / Kg K)
g acceleration due to gravity,( m / s2 )
k thermal conductivity, (W / m K)
NFS nanofluids
Nuloc local Nusselt number
Nuavg average Nusselt number
Pr Prandtl number
p fluid pressure, (Pa)
P non-dimensional pressure
RaN Rayleigh number
T dimensional temperature, (K)
u, v dimensional x and y components of velocity, 

( ms−1 )
U, V dimensionless velocities
Umax , 
Vmax

dimensionless maximum velocities

x, y dimensional coordinates, (m)
X, Y dimensionless coordinates
L Length of the cavity, (m)
Greek symbols
α thermal diffusivity, (m2 / s)
β thermal expansion coefficient, (1 / K)
Φ nanoparticles volume fraction 
θ non dimensional temperature
μ dynamic viscosity, ( N s / m2 )
ν kinematic viscosity, (m2 / s)
ρ density, ( kg / m3 )
Subscripts
c cold surface
f fluid
h hot surface
nf nanofluid
p solid particles
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