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Abstract

This study investigates the free vibration behavior of porous functionally graded beams using Timoshenko theory on a Winkler-
Pasternak foundation. Such beams are commonly used in practical engineering applications, including aerospace structures and
civil engineering components, where vibration control and weight efficiency are critical. The main advantage of the proposed
method lies in its ability to capture the coupled effects of porosity and material gradation on transverse shear behavior, which
are neglected in classical models using constant shear factors. The effects of key parameters are analyzed, including the
material gradation index material, the foundation coefficients, porosity distributions, and transverse shear deformation through
an adjusted correction factor. The governing equations of motion are derived using Hamilton's principle. The formulation is
generally applicable to different boundary conditions, material configurations, and elastic foundation parameters. The proposed
model is validated through comparisons with results from the literature, demonstrating agreement and confirming its reliability.
The numerical results indicate that increasing the gradation index materials leads to a reduction in natural frequencies due to
decreased material stiffness, an effect that becomes more pronounced for higher vibration modes. Conversely, the combined
influence of the foundation parameters results in an increase in natural frequencies, highlighting the stiffening effect of the
foundation. The shear correction factor decreases with increasing index material. Finally, comparing the natural frequencies
obtained using a shear correction factor for isotropic materials with those of corrected porous FGM materials highlights the need
to include coupled porosity-gradation effects in the dynamic analysis of FGM beams.
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1 Introduction

Functional gradient materials (FGMs) have emerged as an
innovative solution for enhancing the performance of struc-
tures in severe environments by smoothly combining the
characteristics of two or more constituent materials [1, 2].
This continuous variation in properties, often described
by a power-law distribution, reduces stress concentrations
and improves resistance to thermal and mechanical shocks,
making FGMs highly attractive for aeronautical, space,
and biomedical applications [3]. However, realistic man-
ufacturing processes-such as plasma sintering or sputter-
ing-inevitably introduce porosity, adding heterogeneities

that may degrade stiffness and adversely affect the dynamic
behavior of FGM structures [4].

In structural design, understanding the vibrational
response of beams is crucial, particularly in avoiding res-
onance phenomena that can lead to premature failure [5].
Timoshenko beam theory, which incorporates both shear
deformation and rotary inertia, provides a critical refine-
ment of the classical Euler—Bernoulli theory, especially
for short beams or structures subjected to high-frequency
excitation [6]. Extending this theory to porous FGM beams
enables a more accurate representation of their mechanical
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behavior by capturing the combined effects of continuously
varying material properties and porosity-induced defects.

Porosity significantly alters the elastic modulus, density,
and stiffness of FGMs, and must therefore be explicitly con-
sidered in free vibration analyses [7]. Various porosity dis-
tributions-such as symmetric, asymmetric, or gradient-de-
pendent configurations-have been introduced to reflect real
manufacturing conditions or meet design optimization
requirements [8—11]. Numerous studies have shown that
increasing porosity content leads to a marked reduction in
natural frequencies, thereby influencing the dynamic per-
formance and stability of the structure [12—15].

Support conditions also play a decisive role in the
dynamic behavior of beams. To more realistically
model the interaction between a beam and its support-
ing medium, two-parameter foundation models combin-
ing Winkler and Pasternak components are commonly
used [16—19]. The Winkler model assumes that the foun-
dation reaction is proportional to the local displacement.
At the same time, the Pasternak component incorporates
a shear interaction term that couples neighboring displace-
ments, thereby providing a more realistic representation of
semi-infinite or composite foundations [20]. In dynamic
analyses, these parameters directly influence natural fre-
quencies and mode shapes, making their inclusion essen-
tial for accurate structural predictions [21].

Given the complexity of the coupled phenomena gov-
erning porous FGM beams resting on two-parameter
foundations — particularly in dynamic contexts — effi-
cient numerical approaches are required. The finite ele-
ment method (FEM) provides a powerful and flexible
framework that can accommodate spatially varying mate-
rial properties, porosity effects, boundary conditions,
and foundation—structure interactions [22]. Additionally,
FEM is well-suited for large-scale problems, providing
accurate solutions for complex geometries and heteroge-
neous material distributions [23].

Hamzi et al. [6] and Drici et al. [19] examined the influ-
ence of functional grading on the natural frequencies of
non-porous beams or plates, demonstrating that dynamic
responses are susceptible to gradient indices and constit-
uent distributions. However, relatively few studies have
simultaneously addressed the combined effects of poros-
ity, complex elastic foundations, and functional grad-
ing within a dynamic framework, particularly for thick
Timoshenko beams [24, 25].

In this context, the shear correction factor is particularly
important. Widely used in structural mechanics to adjust
shear stiffness predictions, it compensates for the simplified

representation of non-uniform shear stress distributions
inherent in beam and plate theories [19, 26-28]. Classical
formulations, such as k= 5/6, may lead to inaccuracies when
applied to porous FGMs, where heterogeneity has a strong
influence on shear behavior. Recent studies propose poros-
ity- and gradient-dependent shear correction formulations to
improve the accuracy of static and dynamic responses.

A broad range of recent advances further highlights
the importance of accurately modelling complex material
behaviors and dynamic interactions. Zou et al. [29] devel-
oped a versatile device that generates customizable non-
linear restoring forces for improved vibration isolation and
energy harvesting. Zhang et al. [30] investigated damped
vibration in GPL-reinforced magnetorheological elastomer
panels using a hybrid GDQ formulation. Tang et al. [31]
proposed a coupled model for intelligent compaction inte-
grating roller dynamics and layered poroelastic subgrades.
Deng and Gao [32] introduced a curved acoustic black
hole absorber achieving broadband vibroacoustic attenu-
ation. Wei et al. [33] examined steel tube-confined UHPC
columns, demonstrating enhanced strength and ductility.
Dai et al. [34] developed a multiple TMD-inerter configura-
tion to mitigate vortex-induced vibrations in flexible bridges.
Zhou et al. [35] formulated a scaled nonlocal integral model
achieving mesh- and length-independent softening pre-
dictions. Long et al. [36] proposed a multiscale FE frame-
work for progressive collapse analysis in RC assemblies.
Ma et al. [37] linked snow's macroscopic compression to the
microstructural breakage of ice bonds. Lu et al. [38] devel-
oped an elastoplastic concrete model including strain rate as
a constitutive variable. Dhuria et al. [39] analyzed the effect
of porosity distribution on FG porous plates using I[HSDT.
Srikarun et al. [40] investigated linear and nonlinear bend-
ing of FG porous sandwich beams. Tran et al. [41] applied
a smoothed MITC3 element to FG porous variable-thick-
ness plates. Kiarasi et al. [42] reviewed FG porous structures
reinforced with graphene platelets, highlighting their micro-
mechanical modelling and multifunctional potential.

Given these findings, the present work aims to analyze
the free vibration response of a Timoshenko beam made of
porous functional gradient material resting on a two-pa-
rameter elastic foundation, using a finite element approach.
Such beams are commonly used in practical engineer-
ing applications, including aerospace structures, MEMS,
and civil engineering components, where vibration con-
trol and weight efficiency are critical. The main advan-
tage of the proposed method lies in its ability to capture
the coupled effects of porosity and material gradation on
transverse shear behavior, which are neglected in classical



models using constant shear factors. The primary objec-
tive is to evaluate the combined influence of the gradient
index, porosity distributions (Types I, I, and III), and the
Winkler and Pasternak foundation parameters, as well as
boundary conditions, on the natural frequencies of the sys-
tem. The formulation is generally applicable to different
boundary conditions, material configurations, and elastic
foundation parameters. Particular emphasis is placed on
comparing natural frequencies obtained using a porosi-
ty-corrected shear factor with those computed using the
classical factor, in order to quantify the relevance of this
correction for accurate dynamic analysis. Incorporating
a shear correction factor that accounts for porosity-and
the resultant variation of material properties-significantly
influences the vibrational response. This highlights that
the assumed anisotropy in material modelling constitutes
a key parameter in the analysis. The proposed correction
prevents the overestimation of stiffness inherent in clas-
sical formulations, thereby ensuring more reliable safety
margins for critical engineering applications.

2 Development of the theory
Fig. 1 shows the displacement field based on the theory of
first-order shear deformation, which may be expressed as:

{u<x,z>=u<x>+z¢<x>,

W(x,z):w(x) M

The fundamental assumptions employed for developing
the equations of motion for free vibration are as follows:
1. The beam studied, based on Timoshenko theory,
assumes that plane cross-sections remain plane after
deformation, but are not necessarily perpendicular
to the neutral axis, thus accounting for the effects
of transverse shear deformation and rotatory inertia.
2. This assumption accounts for the effect of transverse
shear (via the shear correction factor) and the effect
of rotatory inertia. It is essential for the study of short
and thick beams (or FGM beams whose shear rigid-

ity varies, as mentioned in your previous summary).

N

@ (b)
Fig. 1 Displacement field based on the theory used as the basis for the
analysis: (a) Euler-Bernoulli hypothesis; (b) Timoshenko hypothesis
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3. Elastic behavior: the entire FGM beam is assumed
to exhibit linear elastic behavior.

4. Small deformations: displacements, rotations, and
strains are assumed to be small relative to the beam's
thickness.

5. Anisotropic layers: each infinitesimal layer across the
beam's thickness is modelled as an anisotropic layer.

6. Property grading: the Young's modulus and the
Poisson's ratio vary continuously and exclusively in
the thickness direction, governed by the variation in
porosity.

7. Elastic foundation: the beam is supported by an elas-
tic foundation of the Winkler-Pasternak type.

8. Shear correction factor: the shear correction factor
for the porous FGM beam is not equal to that of an
isotropic prismatic material (k = 5/6).

9. Factor dependency: the shear correction factor is
dependent upon both the anisotropy and the porosity
of the beam material.

Let us consider a porous FGM beam of length L, width b
and height 4, as shown in Fig. 2 is graduated from metal
at the bottom and ceramic at the top; the beam properties
(such as Young's modules E£(z), density p(z) and the poisson
coefficient) are assumed to be varied according to its height
in accordance with the power law distribution with the dis-
tribution of porosity across the thickness [11, 39—41]:

{(E[ _E,,)(%%jp +E,,}(1_eol,, (=)
O [ R v (R N
v(z):{(vt _vh)(%+%jp +vb}(l—eot//(z))

where e is the coefficient of porosity applied to the Young

E(z)

modulus, E(z) is Young's modulus, G(2) is the shear coeffi-
cient, e _is the coefficient of porosity applied to the density
p(2), such that 0 < (e, e,) < 1.
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Fig. 2 Configuration of the FG beam studied in this work
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The porosity coefficient e is written [11, 42]:
E(z)

E'(2)

plz)

e =1-—
©)
P (2)
The relative Young's modulus shows in Eq. (4) [11, 42]:
E(Z) =[p(z)] _ @)
E(z) (p'(2)

From Egs. (3) and (4), one can find the relationship that

e, =1

connects the coefficient e, and e, :
I—e (z) =1-¢w (2). )

The expression of e, as a function of e, and y(2):

h—jé [1-epy (z)dz
_ 2
- . .

I%{y(z)dz

©)

&

With w(z) is a distribution of porosity that presents the
following three types can be seen in Fig. 3 [11, 39-41]:

Type I (center enhanced) v (z) = cos (%)

Type I (top enhanced) v (z) =Cos {%(%—k%ﬂ .(7)
n(lz 1
Type 1I (bottom enhanced) v (z) = cos {E(;—Eﬂ

Three types of porosity distributions across the thickness
of the functionally graded material (FGM) beam are illus-
trated in Fig. 3. The first distribution corresponds to a con-
centration of porosity at the mid-plane of the beam, the sec-
ond shows a concentration of porosity in the lower region.
At the same time, the third exhibits a localized concentration
in the upper region of the beam. In Fig. 3 E(z) and p(z) repre-
sent the minimum values of Young's modulus, shear modu-
lus, and mass density of the porous metal, respectively.

Similarly, E*(z) and p*(z) denote the maximum values
of the same parameters.

In the static case, for the analysis of plate bending,
the equilibrium equation for the stresses acting in the
x-z plane in the absence of body forces is:

0o, Ot

o 9Te g ®)
ox oz

E(z)
-

0.4 1 e m_
0.3+ ° e
0.2+ ]

0.1 .

z/h

0.0 }
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0.3 A& o

0.4+ AT m e Type2 ¢

-05 -+
()
Fig. 3 Porosity distributions: (a) geometric representations through

the beam thickness; (b) porosity distribution functions through the
beam thickness

and

s RN >

where the rigidities 0, depend on the Young's modulus
E and the Poisson coefficient.
The deformation field can be expressed as follows:

ou 0
xx =—tz—
Ox a(p@x . (10)
= + —
}/XZ W ax

The following connection between forces, deforma-
tions, and curvatures results from the limitations, as stated
in Eq. (9), through the thickness of the beam:

ou

N 1 4, B, o
R

ox

D



The following are expressions for rigidities:

{4,.B,.D,} = jhf_(ﬁ (2,2} s, (12)
__E(E)
= 2(1+V(Z))7’Xz~ (13)

Inverting the complete stiffness matrix in Eq. (11) yields:

ou Dy, _ B,

5 _ A11D11 _3121 A11D11 _3121 {N} (14)
% _ By, 4, M

ox A11D11 _3121 A11D11 _3121

The transverse shear stress (z__) is integrated through-
out the height of the FGM beam to determine the shear

stress relationship, which yields the following result:

E(z)

0. m dzy,. =Kk Asy ..,

K

e A

(15)

(SRS

where « is the shear factor.

Dadouch et al. | 5
Period. Polytech. Civ. Eng.

Q”(Z)L

T t ON 4D, - B’
= a 5
2 g, O brwowres (18)
B
o _Q“(Z)m A
o) 4 |
x +z0,, (Z)W“_B”z

We have ON/Ox = 0 and OM/Ox = Q_, the shear stress
Eq. (15) becomes:

B
z _Q”(Z)A D11 BZ
_ 1=~ P
r.=-[0. y dz. (19)
A +z0, (Z)—“
? ! AIID]] _Bl2l

Equation (20) gives the total deformation energy U of
the FGM beam:

h
S

. “n Oss (Z )
The following form represents the fundamental equa- 2
tions of a beam with the first-order shear displacement B 2
11
field in FGM: O (20
J’ Q 111 11 d=
h h - All
ou I R O b ey
ox :l J‘ 1~11 7~ P dz
o 27, 055 (2)
Ox ’
ow The constitutive relationshi _=xA.y._, the con-
¢ + p Xz SSJ/xz
) ox . (16) stant transverse shear deformation, is as follows:
Dll Bll
- 0 10,
4D, _Blzl 4, Dy, _B121 N U=~ »S : (€2
2 KA
_ Bll > All > 0 M . ] ) )
A,D,—-B;, A,D,-B 0 The shear correction factor is given by:
1 XZ
0 0 2
L K'A;S ] l sz
2 K Ass
By incorporating the stress equilibrium Eq. (8), the B 2
expression for shear stress is given as follows: -0 (Z ) ! 2
z A4\ Dy - By, 22)
h¥xz dz
: oo : du a¢j WY 4,
T =—| —%=- z)| —+z—| d. 5 2 +20;(2)
= J;, 0Ox -[,Q” ( )( ox  ox /), (17 1 Jz‘ 4,0y, - B} d
h _h Z 2,
’ ! 2 0s5(2)
By substituting the expression for 0u/0x and 0¢/0x from 2

Eq. (16) into z_, we obtain:
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1
K= 5 3
_ 11
T Q” (Z) A11D11 - Blzl
y dz (23)
P2 4 z0 (2)—
A j‘ ’ H( )AllDll _3121 d=
% 0ss(2)
2

2.1 Free vibration of beams in FGM

The strain energy of a beam of length L with a cross-sec-
tional area denoted by 4 can be defined from the volumet-
ric integral:

W, = [[[(0.8. +7.7.. ) dddsx. (24)

The energy function can be written in matrix form as:

W
A11 Bll 0 u'
:I.[.[ {u' ¢’ W’+¢} B, D, 0 @' dAdx.
0 0 A w+é
(25)

The variation of the internal energy functional Eq. (24)
leads to the variational equality of the model as a function
of internal forces:

W, = [[[(Nu'+ My’ + 0.y, )dx, (26)
with

N 4, B, O u'

M=\B, D, 0 (A 27)
0. 0 0 d5]|(w+¢

where N, M and Q  are, respectively, the normal force,
bending moment, and the shear stress.

The total kinetic energy of the beam in FGM can be
written as:

T={[[p(z)(U* +W*)dad, (28)

where p(z) is the density per unit volume. The upper dot
represents the derivative with respect to time ¢.
In Eq. (29) £, is the reaction force density of the founda-
tion, k and kp are the foundation parameters, respectively:
2
f;), = kww_k 6_W (29)

P 6x2

The deformation behavior of the elastic foundation is:

W, =] {kwwz (2] ]dS. (0)

The equilibrium equations and associated bound-
ary conditions for FGM beams will be derived using
Hamilton's principle, which can be stated in this form:

123

[(m,, +w, ~T)dr =0. G1)
4

The equilibrium equations are obtained from Eq. (31)
by integrating displacement gradients by parts and setting
the coefficients du, 0w, d¢ independently to zero:

N  u . 7

N _pou, 9P (32)
o ot ot
oM u 0%
iy, Y Sy S o (33)
ox Qe =1, ot o
ov o’w,
Y o (34)
Ox /e ' or

h

2
{1.5.1} = [p(z){L2.7} = (35)

(SRS

The interpolation functions of the displacement field in
the finite element formulation are derived by solving a sys-
tem of ordinary differential equations, corresponding to
the static component of the governing differential equa-
tions defined in Eqs. (32) to (34):

¢(x)= %C4x2 +Cx+C, (36)
u(x) = lﬁqxz _ B, Cs — 4,C, Yo B,,Cs — 4,C, . (37
2’ All All A]]
! ; 1 3
w(x)ng4x —ECSx
(38)
2 —
—[é—B“Aglj‘D” C, +C6]x+C3.
54711

The constants C,, C,, C,, C,, C,, C,, a, are obtained
according to the degrees of freedom illustrated in Fig. 4:

u(O):u] u(LE,):u2
w(0)=w, and {w(L,)=w,. (39)
$(0)=4, ¢(L.)=¢,
A . wy wo
¥
B 6, Gy

Y

Uy \ /1

node 1 node 2

(15

Fig. 4 Discretization of the beam length



After calculating the displacement constants wu(x),

w(x) and ¢(x), shall be written as follows:

u, B,6 u, B0
= e Bt B Vi
L LA, L LA,

e

B 6
C, =",
A11
G =w,
12454, w,
C‘U = s 72 2\’
Le (A11A55Le +12A11D11 _12311)
_ 6A§5A1101
2 A11A555Li +12A11D11 _123121 ’
12454, w,
C4’3 = s 72 2\’
L (A, 4512 +124,D,, ~12B% )
_ 6A555A1192
44 =

AuA;st» +12A11D11 _12B121 ,

CC+C+C+C

4,45
C — 6"4;5‘411“}1
A AL +124,D,, —12B’

2(2A11A;5L§ + 6A11D11 - 63121 )01
YL (4,452 +124,D, -12B})’

C — 6‘A;SAII‘/VZ
4 AL +124,D,, 128

2<AIIA535Li _6A11D11 +6Blzl )02
YL (4,4512 +124,D, ~12B2)’

Cs = C5,1 - Cs,z _C5,3 - C5,4a

_ 11 _ K _ 2
g =" 6 _AnAsss = _AIIDII _Bn~

The six constants become:
C, =0,
6e,0, N 6e,6,
Le, +12e, Le,+12e,
12e,w, 12e,w,
+ >
L, (Liez +12e, ) L, (Lie2 +12e, )

4=

(40)

(@1)

“2)

43)

(@4)

45)

(46)

47)

48)

49)

(50)

G

(2)

(3)

(4)

(55)

(56)
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C=-—t—t—"——, 57
1 LC L€ LB LC ( )
C,=eb +u, (58)
C=w, (59)
2L,e,0 4L,e,0 6we
Cyy =g (60)
Le,+12e, Le,+12e;, Le,+12e,
6w,e 120, 120,e
= T e T (e T (e e 6D
& T12e; I, (Lee2 + 12e3) L, (Lee2 + 1263)
C =G, =G, (62)

By substituting the six constants in the displacement
terms u(x), w(x) and ¢(x), will be written as follows:

u(x = ——+1 u1
(63)
66162 bee,x
W
L (e, +12e,) Le,+12e, |
u(x
4L e,
3gex’ Lie, +12e, el (64)
- € +—|x 1|0,
L -e, +12e, _ 12¢, L,
L (Le, +12¢,)
6 g 6
u(x)}:&+ _ zeler + - elezx Wz: (65)
L, L (Le, +12¢,) Lie,+12¢
u(x),
2Le,
3eie,x’ Lie, +12e, e (66)
= T 52 1~ el - X 29
Le, +12e, 12e, L,
L, (L, +12e,)
u(x)zu(x)l+u(x)2+u(x)3+u(x)4, (67)
2e,x’ 3e,x’
L (e, +12¢,) Lle,+12e
W(x)l — e( ™2 3) 2 3 Wl’ (68)

a 12e,x +1

L (Le, +12¢,)
w(x),
[ ex’ 1 4Le 12e, e
Le,+12e; 2| Lle,+12e, Le(Lie2+12e3)

—lxe 6e— 36e,e, 0 9
6" \27 Le +12 ) " )
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3 2e,x’ N 3e,x
L (Le, +12¢,) Lie, +12e
w(x), 12¢,x ek (70)
L, (Le, +12e)
w(x),
3 2Le,
e2x3 1 Lﬁe2 +12e, )
| Le+l2e 2| 12 * , (71)
- L, (Lie2 +12e, ) >
6e,x
Le, +12e,
w(x) = w(x)1 + w(x)2 + w(x)3 + w(x)4 , (72)
6e,x” 6e,x
== + ) 73
¢(x), [ L (Be 122 L?ZHZ%JWI (73)
¢ (x),
B 4L e,
= 2 3ezxz + Liez " 1263 X+ 1 91 ) (74)
Le, +12e; | _ 12e,
L, (Le, +12¢,)
6e,x 6e,x
= - , 75
¢(x)3 Le (Lie2 +12@3) Liez +12e3JW2 ( )
3 2Le,
3e2x2 Lie2 +12e,
=l 7 0 76
¢(x)4 Le, +12e, " N 12e, Sy (76)
L,(Le, +12¢,)
#(x) =9 (x), +9(x), +4(x), +0(x),. (77)

The displacements in Egs. (68), (73) and (78) can be
written in the following matrix form:

{u,w,¢}
_Nl (x) N, (x) N3(x) N, (x) Ns(x) Ny (x)
=| N, (x) N (x) N, (x) Ny, (x) Ny, (x) N, (x)

0, (78)

Substituting Egs. (68), (73) and (78) into Eq. (31), we find
Eq. (79) of motion:

[K]z+[M]Z=0, (79)

where [K] is the stiffness matrix of the element, and [M]
is the mass matrix, which are defined by:

[K]=[[B]" E(z)[B]" av +[[B]" k, [B]"ds,  (80)

[M]=[[B]" p(z)[B]" av. )

With [B]¥, [B ]f" the operator matrix of internal forces
and elastic force foundation respectively. [B]", [B]Tf” are
the operator matrix transpose of internal forces and elastic
force foundation respectively.

3 Numerical study

To investigate how the correction coefficient and the intrin-
sic properties of functionally graded materials (FGMs) influ-
ence the vibrational behavior of beams, a detailed parametric
study was undertaken. The analysis focused on a nanobeam
composed of a metal-ceramic FGM system, specifically
aluminum oxide (Al,0;) combined with a metallic phase,
and supported by an elastic foundation. This configuration
was selected to capture the combined effects of material gra-
dation and foundation stiffness on dynamic performance.
Particular attention was given to the sensitivity of natural
frequencies and mode shapes to variations in both the cor-
rection coefficient and the spatial distribution of material
properties across the beam's thickness. The geometric and
mechanical parameters employed in the study, summarized
in Table 1 [19], were carefully chosen to ensure physical rel-
evance at the nanoscale while enabling systematic explora-
tion of design variables. Such an approach provides insight
into optimizing FGM nanobeams for high-precision engi-
neering and advanced structural applications.

Table 2 presents the first three natural frequencies
(Modes 1, 2, and 3) for functionally graded material (FGM)
beams with a geometric ratio of L/h = 10, as a function
of the material gradation index ( p), comparing the results
of Wattanasakulpong and Ungbhakorn [8] with the pres-
ent findings. The present results are in very close agree-
ment with those of Wattanasakulpong and Ungbhakorn [8],

Table 1 Representative mechanical and geometrical properties used in

the modelling were derived from the data reported in Drici et al. [19]

Properties Unit Ceramic: alumina Metal: aluminum
E GPa 380 70

P kg/m? 3980 2702

v - 0.3 0.3




indicating a satisfactory correlation between the current
method and Wattanasakulpong and Ungbhakorn's [§]
approach. As the gradation index p increases from 0 to 5,
the natural frequencies gradually decrease across all
modes. This trend confirms that a higher p-value corre-
sponds to a higher ceramic content in the material compo-
sition, leading to a reduction in overall stiffness and, conse-
quently, lower vibration frequencies. It is also observed that
the frequency reduction is more pronounced for Mode 3
than for Mode 1, highlighting that higher-order modes are
more sensitive to changes in the material gradation.

Table 3 illustrates the analysis of the combined effect of
the Winkler (K ) and Pasternak (Kp) foundation parame-
ters on the first two natural frequencies , and Q, for FGM
beams with p = 2. The present results are compared with
those of Avcar and Mohammed [21]. It should be noted
that the present results agree well with those of Avcar
and Mohammed [21], with slight differences attributable
to numerical methods or modelling assumptions, which
demonstrates the validity and accuracy of the approach
developed. When (K =0, K, = 0), the frequencies are lowest
in this case, as a foundation support does not reinforce the
beam. When K and Kp increase (e.g., K, = 10000), the fre-
quencies Q, and Q, increase significantly, illustrating the
role of foundations in increasing the stiffness of the system
and limiting vibrations. Thus, the combined KW—KP effect
of a foundation in both K and K, (e.g., K, =10000,K =1)
leads to even higher frequencies, confirming the stabiliz-
ing influence of the two foundation stiffnesses.
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Table 4 presents a comparison of transverse shear cor-
rection factors for different combinations of the ratio (£ /E, )
(Young's modulus of the ceramic to that of the metal) and
the gradation index ( p). The values are compared with those
obtained by Menaa et al. [27] and Nguyen et al. [28]. The
analysis reveals that the shear factor decreases with increas-
ing ( p), which means a reduction in the contribution of trans-
verse shear to the overall deformation. This trend is attributed
to a more uniform distribution of mechanical properties in
highly graded beams. Furthermore, for low (£ /E,) ratios,
the factors are more sensitive to variations in ( p), highlight-
ing the importance of the distribution of the modulus of
elasticity in weakly heterogeneous configurations. The pro-
posed results are in good agreement with those in Nguyen
et al. [28] and Zou et al. [29], reinforcing the relevance of
the assumptions adopted in the model.

Table 5 illustrates how the natural frequencies of func-
tionally graded porous beams (Types I, 11, III) vary with
shear correction factors (x) and elastic foundation param-
eters (K, Kp). Increasing K or Kp consistently raises the
frequencies, confirming that foundation stiffness enhances
beam rigidity. Type I beams show slightly higher frequen-
cies than Types II and III, while changes in x have only
minor effects. The highest frequencies occur when both
K and Kp are at their maximum, whereas the lowest occur
with no foundation support. Overall, foundation stiffness
dominates the vibrational response, with beam type and «
acting as secondary influences.

Table 2 Comparison of the first three frequencies Q= a)Lz/h, [p,/E, for FGM beams based on the p index (L/h = 10)

Mode AlO; p=02 p=0.5 p=1 p=2 p=5
Wattanasakulpong and Ungbhakorn [8] | 5.483 5.102 4.669 4.221 3.852 3.668
Present 5.463 5.116 4.790 4.504 4.271 4.001
Wattanasakulpong and Ungbhakorn [8] 5 21.933 20.408 18.676 16.884 15.407 14.670
Present 21.707 20.206 18.493 16.710 15.165 14.406
Wattanasakulpong and Ungbhakorn [8] 49.350 45.917 42.021 37.989 34.667 33.007
Present ’ 48.821 45.590 41.874 38.018 34.190 32.354

Table 3 Comparison of the first two frequencies for FGM beams p = 2 as a function of foundation parameters K and K, for (L/h = 10)

W » Q] Qz
Avcar and Mohammed [21] 0 0 3.852 15.407
Present 4.193 14.363
Avcar and Mohammed [21] 27.133 30.964
10000 0
Present 27.081 29.724
Avcar and Mohammed [21] 27.198 31.190
10000 0.5
Present 27.143 29.922
Avcar and Mohammed [21] 27.262 31.415
10000 1
Present 27.205 30.120
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Table 4 Comparison of shear correction factors for FGM beams based on the £ /E, ratio and the p index for (L/h = 10)
p EJE, Menaa et al. [27] Nguyen et al. [28] Present
0.2 2 0.8396 0.8396 0.8396
4 0.8429 0.8429 0.8429
6 0.8439 0.8440 0.8440
0.4 2 0.8411 0.8411 0.8411
4 0.8453 0.8453 0.8453
6 0.8467 0.8467 0.8467
2 2 0.8095 0.8095 0.8095
4 0.7804 0.7804 0.7804
6 0.7662 0.7662 0.7662
4 2 0.7905 0.7905 0.7905
4 0.7247 0.7248 0.7247
6 0.6784 0.6786 0.6784
6 2 0.7899 0.7899 0.7899
4 0.7164 0.7163 0.7164
6 0.6595 0.6595 0.6595
Table 5 Comparison of non-dimensional frequencies with different porosity distributions as a function of K and K, for ratio £/E, = 10 and
index p =5 for (L/h = 5) with (Q=wl? [4/1x p,/E, )
X X Typel Type II Type 111
" r K =>5/6 x =0.5501 K =>5/6 K =0.5675 K =>5/6 x=10.6017
0 6.2366 6.0699 6.2014 6.0544 5.9597 5.8418
0 5 10.2640 9.9986 10.2504 10.0149 10.1367 9.9439
10 13.1242 12.7974 13.1173 12.8263 13.0569 12.8190
0 10.6926 10.6068 10.6650 10.5891 10.5676 10.5094
50 5 13.4554 13.2682 13.4384 13.2716 13.3860 13.2516
10 15.7542 15.5002 15.7421 15.5148 157222 15.5387
0 13.7750 13.7164 13.7480 13.6960 13.7044 13.6653
100 5 16.0227 15.8776 16.0030 15.8730 15.9875 15.8841
10 18.0037 17.7968 17.9875 17.8014 17.9966 17.8481

Fig. 5 illustrates the variation in the shear correction
factor k as a function of the gradient index p for a func-
tional gradient material (FGM) with three porosity distri-
butions (Types I, 11, and III), each analyzed for three ini-
tial porosity levels: e, =0, 0.1, and 0.2.

In all three cases, when the gradient index (p) varies
from 0.5 to 1, the ceramic phase becomes dominant over
the metallic phase, resulting in a material that is almost
isotropic. Consequently, the shear correction factor (k)
approaches an approximately constant value, close to that
of a prismatic isotropic beam (k = 5/6), exhibiting a non-
linear variation in this range.

For gradient index values between 1 and 6, the material
exhibits a heterogeneous structure (FGM), which requires
an appropriate adjustment of the shear correction factor.
As p further increases from 6 to 10, k shows a linear sta-
bilization, indicating that the metallic phase becomes pre-
dominant in this region.

As an illustration, for the Type I porosity distribution,
the shear correction factor (k) decreases by approximately
2% for an initial porosity of e, = 0.1 and by 4.5% for
e, = 0.2. In the case of the Type II distribution, the varia-
tion of k is more moderate, with reductions of about 0.7%
for e, = 0.1 and 1.8% for e, = 0.2.

Meaning that the Type III porosity distribution has no
significant impact on the shear correction factor. These
results demonstrate that the spatial distribution of poros-
ity in an FGM plays an important role in the shear behav-
ior of structures: for Type I distributions, the porous
microstructure accentuates the dependence of k on initial
porosity, whereas for Type 111, this dependence is virtu-
ally non-existent. Furthermore, the convergence of & val-
ues for p > 5 in all three types indicates that in a predomi-
nantly metallic zone (high p), the effect of porosity and its
distribution becomes negligible.
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Fig. 5 Variation of the shear correction factor & for the three types

of porosity (Type I, II and III) as a function of the FGM index p and

different porosity parameters e,: (a) center enhanced; (b) top enhanced;

(c) bottom enhanced
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Fig. 6 is plotted for different ratios of Young's mod-
uli (£,/E,), where E, represents the Young's modulus of
the upper (ceramic) layer, and E, corresponds to that of
the lower (metallic) layer. When £ /E, = 1, the material
behaves as an isotropic medium with a uniform Young's
modulus E' = E,. In this case, the shear correction factor
k = 5/6 remains constant for all values of p, confirming
the absence of a gradient effect. Hence, the shear behav-
ior does not depend on the position through the thickness,
corresponding to an isotropic homogeneous beam.

When the ratio £ /E, increases (for example, 5, 10, 15,
and 20), the material becomes heterogeneous, exhibit-
ing a gradual transition between the ceramic phase (top)
and the metallic phase (bottom). It can be observed that
the shear correction factor k decreases significantly as p
increases, indicating that the shear stiffness decreases
under the combined influence of the material gradient and
porosity. This behavior reflects a reduction in the effec-
tive contribution of the rigid ceramic layer as the metallic
phase becomes dominant for high values of p:

* For p = 0-1: the material behaves as an isotro-

pic ceramic, with a Young's modulus close to £,
The value of k is relatively high, indicating a greater
shear stiffness.

» For 1 < p < 6: the material behaves as a function-
ally graded material (FGM), showing a progressive
transition between the two phases. In this range,
k decreases sharply, since the gradient in mechanical
properties enhances shear flexibility. This region is
therefore the most sensitive to variations in £ /E, and
porosity distribution.

* For p > 6: the material becomes almost metallic,
characterized by lower stiffness. The shear correc-
tion factor £ tends toward a stable asymptotic value,
indicating a stabilization of shear stiffness domi-
nated by the metallic phase.

* Type I (porosity concentrated in the mid-plane):
the factor k decreases gradually with increasing p.
The symmetric distribution of porosity results in
a smooth transition between phases and a moderate
influence on shear behavior. The stabilization of &
for p > 5 indicates that the metallic phase predomi-
nates without causing excessive loss of stiffness.

» Type II (porosity concentrated in the lower region):
the decrease in £ is faster, especially for higher E /E,
ratios. The concentration of porosity in the metallic
zone, which is already more deformable, amplifies
the loss of shear stiffness.
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Fig. 6 Variation of the shear correction factor k for the three types
of porosity (Type I, IT and IIT) and material ratio £ /E, as a function
of the FGM index p for a porosity e, = 0.2: (a) center enhanced; (b)

* Type III (porosity concentrated in the upper region):
the factor & drops more sharply for p > 2. In this case,
the porosity affects the rigid ceramic layer, leading to

top enhanced; (c) bottom enhanced

asignificant reduction in overall stiffness. This behav-
ior reveals a synergistic effect between the porosity
distribution and the material gradient, resulting in
a considerable decrease in shear resistance.

Fig. 7 illustrates the variation of non-dimensional natu-
ral frequencies (w") of functionally graded porous beams
with respect to the material gradient index p, consider-
ing different porosity distributions and shear correction
factors (x = 5/6 and corrected values). Across all three
graphs, the results show a consistent decline in frequency
as p increases, indicating that a higher material gradient
index reduces structural stiffness and, consequently, the
beam's resistance to vibration. This trend is more pro-
nounced at low values of p (between 0 and 2), where fre-
quencies decrease sharply, before gradually stabilizing
for higher p values. The comparison between x = 5/6 and
corrected shear coefficients reveals that accounting for
arefined shear correction factor slightly lowers the natural
frequencies, reflecting the increased flexibility introduced
by a more accurate representation of shear deformation.
The differences, however, remain moderate, confirming
that the shear correction factor plays a secondary role
compared to the dominant influence of material gradation.

Moreover, the three porosity distributions demonstrate
similar qualitative behavior, with only minor quantita-
tive deviations in the frequency response. This suggests
that although the manner in which porosity is distributed
affects the vibrational performance, its impact is less sig-
nificant than the combined effects of the material gradient
index and the shear correction factor.

Overall, the Fig. 7 confirm that increasing p weakens the
beam, reducing its natural frequencies. At the same time,
the choice of porosity distribution and refinement of x pro-
vides only secondary adjustments to the dynamic response.

4 Conclusions

The free vibration behavior of porous beams composed
of functional gradient materials (FGM) supported by
a Winkler-Pasternak elastic foundation and simulated
using Timoshenko's theory is thoroughly examined in
this paper. Such beams are widely employed in practical
engineering applications, including aerospace structures,
micro-electro-mechanical systems (MEMS), and civil
engineering components, where effective vibration con-
trol and structural weight efficiency are of paramount
importance. The principal advantage of the proposed
methodology resides in its capability to accurately capture
the coupled effects of porosity and material gradation on
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o =ol\JA4/Ixp, [E, with different porosity distributions as
a function of p for ratio rapport (£ /E, = 10, L/h =5, K =40, Kp =10):

(a) center enhanced; (b) top enhanced; (c) bottom enhanced

transverse shear behavior, which are not adequately repre-
sented in conventional models employing constant shear
correction factors. Moreover, the formulation exhibits
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a high degree of generality, allowing its application to
a broad range of boundary conditions, material configura-
tions, and elastic foundation parameters. The material gra-
dation index p, foundation stiffnesses K, and K , porosity
distributions (Types I, II, and III), and the effects of trans-
verse shear, which are simulated using an adjusted correc-
tion factor k, are among the important parameters that are
examined in this work. Results from Wattanasakulpong
and Ungbhakorn [8], Avcar and Mohammed [21], Menaa
et al. [27] and Nguyen et al. [28] are compared with the
model's validity. The study's findings offer a comprehen-
sive and precise picture of the vibrational behavior of
porous beams composed of functionally graded materials
supported by elastic foundations. It is possible to reach the
following conclusions:

* The proposed model is first validated by compari-
son with results available in Wattanasakulpong and
Ungbhakorn [8], Avcar and Mohammed [21], Menaa
et al. [27] and Nguyen et al. [28]. The results show
excellent agreement, confirming the accuracy and
reliability of the numerical approach adopted.

» The transverse shear correction factor shows that
it is strongly influenced by the gradation index,
the ratio (E,/E,), as well as by the distribution and
level of porosity.

» The k factor decreases with increasing p, especially
in the case of Type II and III porosity, reflecting
a reduction in shear stiffness. This trend is accen-
tuated when the modulus of the ceramic phase is
significantly higher than that of the metallic phase.
The role of porosity distribution is particularly sig-
nificant: Type I is the most sensitive to variations in
porosity, while Type III shows remarkable stability.

» The comparison between x = 5/6 and corrected shear
coefficients reveals that accounting for a refined
shear correction factor slightly lowers the natu-
ral frequencies, reflecting the increased flexibil-
ity introduced by a more accurate representation of
shear deformation. The differences, however, remain
moderate, confirming that the shear correction fac-
tor plays a secondary role compared to the dominant
influence of material gradation.

The overall system response is directly influenced by
two critical factors:
1. the incorporation of the shear correction coefficient;
2. the effect of material property variations induced by
porosity.
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The chosen anisotropy modelling approach consti-
tutes the fundamental element of this study for character-
izing these materials. Indeed, the application of this spe-
cific correction is essential to prevent an overestimation of
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