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Abstract

In this paper, reinforced concrete (RC) deep beams (DBs) have been analyzed numerically and a new approach is proposed to the
nonlinear numerical modeling of such structural members. The effect of shear deformations and the interaction between reinforcing
steel bar and concrete are considered in modeling and analysis. In order to consider the effect of shear deformations, the Timoshenko
beam theory has been applied to formulate the analysis method. In the modeling, the RC DB is divided into several sub-elements
which are composed of concrete and reinforcing steel bars. Individual degrees of freedom have been assigned to each reinforcing
steel bar. Thus, each reinforcing steel bar is able to slip relative to its surrounding concrete and the bond effect is simulated by
nonlinear springs. To consider the interaction between reinforcing steel bar and concrete, the concrete segment acts as a beam

element, and each reinforcing steel bar acts as a truss element. The reliability of this method has been confirmed by comparing the

obtained results from the numerical analysis and the results of the experimental pushover test.
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1 Introduction

Reinforced concrete (RC) deep beams (DBs) are key safe
structural systems carrying heavy loads over short spans.
They are usually a part of complex concrete structures. RC
DBs have a wide usage as the structural members in high-
rise buildings and bridges, although it is not easy to predict
their behavior. Several analytical models have been pro-
posed for the nonlinear analysis of RC DBs, but there is no
general method to predict the overall behavior of all kinds
of them. This is because many parameters affect the shear
behavior of RC DBs [1]. The main parameters affecting
the behavior of DBs such as geometry, concrete strength
and reinforcement have been studied. The results show
that the mentioned parameters have significant effects on
deformation, crack pattern, principal stresses, ultimate
load and failure mechanism of DBs [2]. In DBs, the length
of the shear span is less than twice of the effective depth
of the beam, so due to disturbed regions (D-region), the
Euler-Bernoulli beam theory cannot be applied because the
stresses distributed irregularly. Considering the effect of
shear deformations has a significant impact on the behavior

of deep beams, and ignoring it causes a considerable error
in predicting the shear capacity [3]. Rogowsky et al. [4]
presented a classification for RC DBs considering the
ratio of shear span to effective depth. RC DB members are
usually reinforced by an orthogonal steel mesh, and it is
needed to consider the nonlinear distribution of strain in
D-regions for modeling their nonlinear behavior. A suit-
able nonlinear model should be capable of considering the
mentioned effect. The strut and tie model (STM) is one of
the popular methods which considers the effect of shear
deformations [5]. American concrete institute (ACI) pro-
poses an STM model to analyze and design the RC DBs [6].
STM is based on the lower bond theorem [7]. According to
ACI code, STM is an appropriate method to analyze and
design the RC members which do not follow the Euler-
Bernoulli beam theory. Although this has been an approxi-
mated and conservative model, it is accepted worldwide [8].
Almasi [9] indicated that the alternative STMs are useful
since there are turbulent places which have a noticeable
influence on the cracks.
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Smith and Vantsiotis [10] studied the behavior and ulti-
mate shear resistance of RC DBs. Based on their research,
the presence of vertical steel bars mesh improves the perfor-
mance of DBs under shear stresses, while the effect of hor-
izontal steel bars mesh does not have a significant impact
on the shear performance and the ultimate shear strength.
According to research carried out by Brefia and Roy [11],
regardless of the depth of beams, the shear strength of DBs
increases when the ratio of shear span to effective depth
decreases. Several researchers have studied the shear fail-
ure mechanism and shear strength of DBs [12]. Different
failure mechanisms have been observed in DBs by doing
experiments. Because of the variety of failure mecha-
nisms, it is hard to predict the failure mechanism and ulti-
mate resistance. The failure mode of RC DBs has been
investigated by Yu et al. [13] for the case of DBs damaged
by corrosion in a chloride environment. The results show
that in the case of corrosion of the tensile reinforcing steel
bars, the failure mode varies from shear to bending state.
The failure mode is significantly altered by changing the
beam depth [14]. Shear failures occur without warning and
previous symptoms. Studying the shear behavior of DBs is
so complicated because shear forces are usually associated
with flexural and axial forces.

A variant of genetic programming, namely gene
expression programming (GEP) has been utilized by
Gandomi et al. [15] to predict the shear strength of RC DBs.
Kaya [16] determined the optimum horizontal and verti-
cal reinforcement diameters of five different beams by
using genetic algorithms due to the opening/height ratio,
loading condition and the presence of spaces in the body.
Yavuz [17] investigated the efficiency of artificial neural
networks (ANNSs) in predicting the shear strength of RC
deep beams. He developed an ANN model using exper-
imental data for deep beams from an existing literature
database. The study showed that the ANN model provides
acceptable predictions of the ultimate shear strength of
RC deep beams. Senthil et al. [18] investigated the deep
beams with an opening under static monotonic loading to
demonstrate the accuracy and effectiveness of the finite
element based numerical models using ABAQUS/CAE
program and the experimental data available in the litera-
ture. In general, the numerical results accurately predicted
the pattern of deformation and displacement and found in
good agreement with the experiments. The study showed
that a 25 % increase in opening size resulted in an average
shear strength reduction of 35 % and a 10 % increase in
depth resulted in a 78 % reduction in deflection. In another

numerical study, Arabzadeh [19] analyzed RC DBs by
using finite element analysis and a nonlinear analysis soft-
ware (ANSYS Version 8).

Fiber theory is another useful method for analyzing
RC members. This model has been used to analyze differ-
ent types of RC members such as beams, columns, shear
walls, and deck systems. Hashemi et al. [20] used this
method to model bubble deck systems. In the fiber theory,
the RC member is divided into several sub-elements which
are composed of parallel layers. Park et al. [21] have used
the fiber model to analyze the RC elements under cyclic
loading. The fiber model ignores the slip between the rein-
forcing steel bar and concrete and it means that the theory
is based on the perfect bond assumption [22]. Arsalan and
Kiristioglu [23] studied the shear and flexural strengths of
RC members. They used finite element analyses to inves-
tigate the influence of displacement ductility on concrete
contribution to shear strength. Monti and Spacone [24] cal-
culated the bond-slip relation between reinforcing steel bar
and concrete in RC elements. Hashemi and Vaghefi [25],
as well as Limkatanyu and Spacone [26], applied the
Timoshenko beam theory instead of the Euler-Bernoulli
beam theory in order to consider the effect of shear defor-
mations. Because of the high sensitivity of RC DBs to the
effect of shear deformations, the overall behavior of DBs
has been studied in this paper and a new approach for the
numerical analysis of DBs is proposed. The new method is
based on fiber theory, but the difference is that the perfect
bond assumption is removed in order to consider the inter-
action between reinforcing steel bar and concrete.

2 Nonlinear modeling of RC DB with the interaction
between reinforcing steel bar and concrete

2.1 Principles used in RC DB modeling

According to the fiber theory, the RC member is divided
into some smaller sub-elements longitudinally. It is assumed
that each sub-element is composed of parallel layers.
Concrete materials have been presented by some layers and
the other layers present steel materials. The behavior of con-
crete and steel are assigned to each layer in accordance with
the layer material type regardless of their interaction. In the
base model of fiber theory, the interaction between reinforc-
ing steel bar and concrete is ignored or in other words, it
is based on perfect bond assumption. The theory which is
used in the research reported in this paper is based on fiber
theory but the difference is that the perfect bond assump-
tion is removed and the possible effects of slip between
reinforcing steel bar and concrete are considered. In order



to consider the possibility of slipping between reinforc-
ing steel bar and concrete, individual degrees of freedom
have been assigned to each reinforcing steel bar. In fact,
it is assumed that each reinforcing steel bar acts as a truss
element which has 2 nodes with axial degrees of freedom.
The concrete segment is assumed to acts as a 2 nodes beam
element with individual degrees of freedom. The mentioned
method has been used by Chargod et al. [27] in order to
analyze the RC shear walls. As shown in Fig. 1, each sub-
element is composed of a concrete segment and » number
of steel reinforcing steel bar elements.

2.2 Timoshenko and Euler-Bernoulli beam theories
According to the researches carried out by Limkatanyu
and Spacone [26] as well as Hashemi and Vaghefi [25], the
formulations are rewritten by eliminating Euler-Bernoulli
beam theory and substituting it with Timoshenko beam the-
ory. The effect of slippage between reinforcing steel bars
and surrounding concrete is considered by foreseeing the
strain compatibility between reinforcing steel bars and con-
crete. In the Timoshenko beam theory, it is assumed that the
cross-sections remain plane and are not necessarily perpen-
dicular to the longitudinal axis during bending, but the shear
deformations are neglected in Euler-Bernoulli beam theory
and it is assumed that the plane sections remain plane and
also perpendicular to the longitudinal axis after deforma-
tion. Euler-Bernoulli and Timoshenko beam theories have
been compared and illustrated in Fig. 2 [28].

2.3 Basic equations

The stress values in the cross-section can be calculated
by Egs. (1) and (2) for uniaxial bending conditions at any
position related to x position along the element.
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Fig. 1 Reinforced concrete DB numerical modeling
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Fig. 2 Comparison between (a) Timoshenko beam theory and (b) Euler-

Bernoulli beam theory
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Based on the Timoshenko beam theory Eq. (2) can be
rewritten as follows:

o (1) v 25| o

where . (x) represents the rotational deformation and u, (x)
the represents the transversal displacement of the concrete
element. o, and o, are defined as longitudinal and shear
stresses in the section. £, G, u, and u, represent defined as
modulus of elasticity, shear modulus, longitudinal displace-
ment, and transversal displacement, respectively.

Bending moment about the z-axis (see Fig. 3) and shear
force in the y-direction can be expressed as Egs. (4) and (5),

respectively.

— _ dl//z(x) 2 _ dl//z(x) 4
Mz(x)_i.‘.Aycxdi_ETJ‘Ay dd=El,— — )
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Where f, and I, present the shear correction factor and
moment of inertia of the section, respectively.

By using relation g,, = Gy,, which shows shear stress-
strain relation in the y-direction, from Eq. (5) it can be
concluded that:

vy (x) _ dug(x)

_ﬂ GA :T_W(x):yy :Wz(x)
y
duf(x)
dx

in the section will result in the shear strain in the y-direc-

B du? (x) '

T ©)

Thus, the difference between

and w_(x) values

tion which has been neglected in the Euler-Bernoulli beam
theory. Gruttmann and Wagner [29] have presented more
details about employed shear correction factor.

As shown in Fig. 3, a length segment of an RC element is
assumed as a combination of a length segment of a 2-node
concrete element and » number of reinforcing steel bar ele-
ments. A 2-node concrete element follows the Timoshenko
beam theory to consider both cases of flexural and shear
deformations. In fact, 2-node reinforcing steel bar elements
are truss elements with axial degrees of freedom. Based on
researches carried out by Hashemi and Vaghefi [30], the
effect of bond force between the concrete and each longitu-
dinal reinforcing steel bar is taken into account.

Because of the concrete element and the reinforcing steel
bar's individual nodal degrees of freedom, the reinforcing
steel bar's slippage is allowed to occur. According to small
deformation assumptions, all equilibrium conditions are
considered. Considering the axial equilibrium in the con-
crete element and steel reinforcing steel bars, as well as the
transversal and moment equilibriums in the segment dx,
leads to a matrix form of the relation given by Eq. (7).

05Dy (x)—08, Dy (x)-P(x)=0, ™

— = T
where: Dy (x)= D(x):D(x)g represents the vector of
RC element section forces, D(

%)= (N (x)Y, (x) M, ()}
represents the vector of concrete element section forces,
B(x):{Nl(x)...Nn(x)}T represents the vector of rein-
forcing steel bar axial forces. Which has »n rows,
D,,(x):{D,,1 (x)...Dy, (x)}T represents the vector of sec-
tion bond forces, P(x) :{0 p, 0 0...0}T represents the vec-
tor RC element force vector and » represents the number
of longitudinal reinforcing steel bars in the cross-section.

p, represents the value of the external load. 0, 0, represent
differential operators and given in Eq. (8) and (9).

r d/dx 0 0

0, 0] _
0= — |, 0z=| 0 d/dax -1
L0 Op 0 0  dldx
(d/dx 0 ... 0 )
= 0 d/dx 0
aB_
0 0 d/dx
-1 0 y 1 0 0
-1 0 y, 0 1 0
a:
b 0 ©)
-1 0 y, 0 0 1n*(n+3)

As shown in Fig. 3, y, shows the distance of reinforc-
ing steel bar numberTn from the section reference axis.
dy (x)z{t?(x):t?(x)} represents the RC element sec-
tion deformation vector conjugate of Dy(x). In which
— T
‘l(x):{gB(x) Vy(x) kB(x)}

ment section deformations and J(x):{gl (x)...&, (x)}

concrete ele-

contains
= T

contains the axial strain of the reinforcing steel bars.
The displacement vector in the cross-section of the
RC element is defined as_ u(x)z{ﬁ(x):ﬁ(x)}T, which
E(x):{ug(x) ug (x) l//z(x)} contains concrete element
axial, transversal and rotational displacements, respec-
tively. u(x)= {ul(x)...u,, (x)}T contains the axial displace-
ments of the reinforcing steel bars. According to the small
deformation assumption, the Eq. (10) relates the element

deformations to the element displacements.
dy (x) = 0gu(x) (10)

The slip values of the reinforcing steel bars in the sec-
tion of the RC element are determined by the following
relation between the reinforcing steel bar and concrete ele-
ment displacements:

ty; (x) = v, (x) = (x) + vy (x). (1)

where v,(x) represents the reinforcing steel bar axial dis-
placement and ulB(x) represents the longitudinal displace-
ment of the concrete element.

By introducing the bond deformation vector as
dy (x) = {uyy (x)- .., (x)}T, Eq. (11) can be written in the
following matrix form:

dy(x)=0,u(x). (12)
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Fig. 3 Free body diagram of an infinitesimal segment of RC element

According to finite element formulation, a form of dis-
placement is determined by using the principle of station-
ary potential energy. The RC element nodal displacement
(U), which is shown in Fig. 4, serves as primary unknown
quantities of the element and the section displacement u(x)
are related to it through the displacement shape function
matrix (NV(x)). The relation between nodal displacements
and internal deformations can be written through the
transformation matrix as Egs. (13) to (16).

dg(x)=Byz(x)U, (13)
where:

By (x)=0,N(x), (14)
and:

dy(x)=B,(x)U, (15)
where:

B, (x)=0,N(x). (16)

The nonlinear behavior of the RC element is derived
from the nonlinear relation between the section forces
(Dy(x), D,(x)) and the section deformations (dy(x), d,(x))

through section and bond stiffness matrices (K,(x), K,(x)).
The section stiffness matrix contained the axial, shear and
bending stiffnesses of the concrete element (EA(x), GA(x)
and El(x)) and also the axial stiffness of the reinforcing steel
bars (£,4,(x)). The bond stiffness matrix is diagonal and
included the slope of the bond force-slip relationship of each
reinforcing steel bar (K, (x)). The section stiffness matrix is
derived by using the fiber section method. In the mentioned
method, the stress-strain relationships of concrete and steel
materials are needed. The bond stiffness matrix is derived
through the bond stress-slip relation and perimeter of each
reinforcing steel bar. Based on finite element formulation,
the stiffness matrix of the RC element with the bond-slip
effect can be derived through the summation of two stiffness
matrices. Thus, it can be written in the form of Eq. (17).

K(x)=Kz+K, :JLBg(x)KB (x) By (x)dx

(17)
+[ LB (), (x) B, (x)

where K represents the RC element stiffness matrix, Q
represents the resisting force vector of the element, K,
and K, represent the element and bond contributions to the
stiffness matrix, respectively.
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vector in the nonlinear analysis algorithm are written as
Eq. (18).

KAU =P~ [ B} (x)Dy (x)ds— [, B] (x) D, (x)dx 0
=P-0=P—(0;+0,),

where O, and Q, represent the element and bond contri-
butions to the resisting force vector, respectively. At each
load step of the nonlinear analysis, the resisting force vec-
tor of the section is driven according to existing deforma-
tions in each section of the element. Thereby, numerical
integration methods have been used in order to derive the
resisting force vector of the element. At each load step, the
result of P-Q is the residual force vector and converges to
a zero vector after some iterations.

A computer program created in MATLAB software [31]
was used by the authors.

3 The applied constitutive laws for materials

3.1 The applied constitutive law for Reinforcing steel bars
The relation between stress and strain in concrete mate-
rial defined by Giuffre-Menegoto-Pinto model has been
used in the modeling of the DBs. As shown in Fig. 5,
the stress-strain curve defines the steel behavior by two
lines and the isotropic strain hardening part is modified by
Filippou et al. [32]. This model also has a good agreement
with experimental results from cyclic tests of reinforcing
steel bars [33].

£y Strain

Fig. 5 Stress-strain relation of reinforcing steel bars

3.2 The applied constitutive law for concrete

To model the behavior of the concrete elements in the com-
pression region, the constitutive law proposed by Karsan
and Jirsa [34] is applied. The Concrete compressive stress-
strain curve is shown in Fig. 6.

Park et al. [21] proposed a monotonic envelope curve
which is able to express the behavior of confined concrete.
It was developed by Scott et al. [35]. This model has been
adopted in numerical models because of its computational
efficiency and simplicity.

In modeling, it is assumed that the concrete behavior is
linear elastic in the tension region before the tensile strength
and, beyond that, the tensile stress is reduced linearly with
increasing tensile strain. In addition, it is assumed that
the ultimate state of tension behavior occurs when tensile
strain exceeds the value which is given in Eq. (19).
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Fig. 6 Concrete compressive stress-strain curve

M, :2{%}@;{%}/(34), (19)

t

where G, represents the fracture energy that is dissipated
in the formation of cracks of unit length per unit thick-
ness which is considered as a material property and L rep-
resents the element length in mm. f; represents the con-
crete tensile strength.

Based on the research carried out by Welch and
Haisman [36], the value of G,/f; is in the range of 0.005—
0.01 for normal strength concrete. In this research, for the
average value of 0.0075 is assumed.

3.3 Shear stress-strain relation

Modified compression field theory (MCFT) for shear
stress-strain model has been adopted to define the shear
behavior of RC DBs under shear forces. The main idea
proposed by Vecchio and Collins [37] and later developed
by Collins and Mitchell [38] and Bentz [39]. According
to the MCFT, shear stress-strain model depends on var-
ious parameters such as the percentage of reinforcing
steel bar in different directions, the compressive strength
of concrete and the tensile strength of reinforcing steel
bars. Thus, each RC element has its unique shear stress-
strain model. This model is based on the continuum
mechanics approach. The Membrane-2000 software [40],
which is based on the MCFT has been employed. This
software receives effective variables of RC elements as
input and generates the stress-strain diagrams, so it is
beneficial to generate the shear stress-strain diagram
of RC elements which is complicated to achieve. Fig. 7
shows a shear stress-strain model which is generated by
Membrane-2000.

Hashemi et al. | 105
Period. Polytech. Civ. Eng., 65(1), pp. 99-108, 2021

3.4 Bond stress-slip relation

The model proposed by Eligehausen et al. [41] for the bond-
slip effect between concrete and reinforcing steel bars is
adapted to present the bond stress-slip relation (see Fig. 8).
Bond slip is the relative displacement between the reinforc-
ing steel bar and the concrete. Bond stress is referred to as
the shear stress acting parallel to an embedded reinforcing
steel bar on the contact surface between the concrete and
the reinforcing steel bars. This model considers the effect
of many variables, such as the compressive strength of the
concrete, the height and spacing of the lugs on the rein-
forcing steel bar, the diameter of reinforcing steel bar, the
thickness of the concrete cover and the end bar hooks.

4 Numerical investigation

An investigation has been done on the overall behavior of
two RC DBs in order to evaluate the theory and the effect
of shear deformations. The aforementioned relations and
theories have been applied to make numerical models of
specimens in MATLAB software. For each specimen, the
analytical results have been compared with experimental
pushover results separately.

Shear Stress (MPa)

] 5 10 15 20
Shear Strain (mm/m)
Fig. 7 Shear stress-strain according to the MCFT, generated by
Membrane-2000

Tp1 = Tp2

Bond stress () (Mpa)

LT3

Slip (A) (mm)

Fig. 8 Bond stress-slip relation
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4.1 Description of the tested specimens
Salamy et al. [12] have tested a group of simply sup-
ported RC DBs at the Public Works Research Institute
(PWRI) and Kyushu Institute of technology. The exper-
imental pushover results recorded for two beams have
been employed in this research. The ratio of shear span
to effective depth is 1.5 in both beams, so they are cate-
gorized as RC DBs. The specimens have been loaded on
two symmetric points by a hydraulic jack. Fig. 9 shows the
cross-section area and geometric parameters of the tested
beams. The dimensions and specifications of the DBs are
given in Table 1.

The details of reinforcement and tensile strength of
reinforcing steel bars are presented in Table 2.

Where the percentage of longitudinal steel and stirrups
are donated by p, and p, respectively.

4.2 Evaluation of the obtained results

Analytical models of specimens have been made and the
mentioned constitutive models have been used to define
the behavior of materials and interaction between them.

Table 1 Dimensions and specifications of specimens
(all dimensions in mm) [12]

Specimen 1 Specimen 2
ald 1.5 1.5
L 6650 3750
c 1050 750
a 2100 1500
d 1400 1000
h 1505 1105
b 840 600
b, 350 250
/f.(MPa) 235 28.7
Table 2 Details and specimens of reinforcement [12]
Specimen 1 Specimen 2
Py 0.4 0.4
Py 2.05 2.04
F,(MPa) 397.5 398
Stirrups #l6@120 mm #13@100 mm
b
d| h
B T
| |
L

Fig. 9 The geometry of specimens [12]

For each specimen, in order to monitor the sensitivity of
the overall behavior to the effect of shear deformations,
the formulation of Timoshenko and Euler-Bernoulli beam
theories are applied in each analytical model separately.
As shown in Figs. 10 and 11, to evaluate the theories, total
load versus mid-span deflection curves have been obtained
from analytical results and have been compared with the
experimental test results for each specimen.

As depicted in Fig. 10, the polynomial degree 3 trend-
line type matches very well with the variation of the simu-
lated load-deflection response curve. For the Specimen 1,
the simulation applying the Timoshenko beam theory
shows the relation give in Eq. (20) with a determination
factor of R? = 0.9945.

P=0.00165°—0.07555% +1.3116 (Pin kN), (20)

where:

P : Total load in kN/mm,

0 : Midspan deflection.

As illustrated in Fig. 11, the polynomial degree 3 trend-
line type matches very well with the variation of the simu-
lated load-deflection response curve. For the Specimen 2,
the simulation applying the Timoshenko beam theory
shows the relation give in Eq. (21) with a determination
factor of R? = 0.9945.

P =0.00255° —0.088156% +1.06665 (Pin kN) 1)

The comparison between the analytical results
and experimental results shows that applying Euler-

Bernoulli beam theory and neglecting the effect of shear

11

=
\
7
/

/22 P=0.00165-0.075552+ 13115
- R2 =0.9945

e ’, — — — Numerical Result with Euler-
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- — - — Numerical Result with
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deformations leads to overestimating the stiffness and
ultimate resistance in both examined specimens. Although
the corresponding displacement to ultimate resistance will
be underestimated, the analytical results by applying the
Timoshenko beam theory and considering the effect of
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