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Abstract
It is a rather common phenomenon in the literature, that the

surface accumulation processes are treated by different isotherm
equations without taking into account the mechanism of the
sorption processes. In this paper, a model calculation is pre-
sented for homovalent ion exchange process on energetically
homogeneous surface. It reveals all incorrect conclusions which
can be drawn in this way.
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1 Introduction
Recently, the interfacial reactions of contaminants and ge-

ological media, soils and rocks are intensively studied. The
thermodynamic parameters of the interactions are determined
in different ways. One of them is the application of sorption
isotherms where the quantity sorbed on a solid surface (soil and
rock) is studied as a function of the concentration of the solu-
tion (groundwater and soil solution). Sorbed quantity and sorp-
tion means the overall accumulated quantity, independently on
the mechanism. The experimental data are interpreted by differ-
ent isotherm models: Langmuir, Freundlich, Temkin, Dubinin-
Radushkevich, etc. models. Some papers evaluate the sorption
isotherms by several models simultaneously and found several
models satisfactorily at the same time. For example, Langmuir
and Freundlich models are applied for the same experimental
results, e.g. [1]-[3]. The different models, however, are valid
under different conditions and for certain sorption mechanisms.
Obviously, it is non-sense if the models contradict each other.
An illustrative example is the simultaneous application of Lang-
muir and Freundlich model. Langmuir model assumes an ideal
homogeneous surface with no interaction between adsorbed par-
ticles. Freundlich isotherm, however, considers a heterogeneous
surface, where the energy distribution (heat of adsorption) vs.
coverage function is logarithmic. So, the energy distribution of
the interface is different in the two models. Other discrepancy
arises when different sorption mechanisms can be present. On
rocks and soils adsorption, ion exchange and precipitation may
occur simultaneously. Some types of precipitation take place be-
cause of the solved components, independent of the presence of
the solid phase. Such a process, the hydrolysis of metal ions and
the precipitation of hydroxides at high pH values can be men-
tioned. Some authors consider this process as adsorption and
speak about adsorption edges as a function of pH. In this paper,
the consequences of this treatment of sorption processes will be
discussed. It will be shown also what kind of information can
be obtained from the sorption isotherms. Only the sorption of
electrolyte solution on solid surfaces is discussed.
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2 Interfacial processes in solid/electrolyte solution
systems
The interface can be thermodynamically treated by the Gibbs

model [4,5]. It uses a reference system where all extensive prop-
erties of the two bulk phases are unchanged divided by an imag-
inary Gibbs dividing plane. In a real interface the number of
moles of each components, charge, entropy, energy can be either
positive or negative compared to the reference system. These
excess quantities can be defined as surface excess of the various
extensive properties.

On the interface between a solid (including rocks and
soils) and electrolyte solution the surface excess quan-
tity/concentration of the dissolved components can be accumu-
lated by different ways: adsorption, ion exchange and precipita-
tion.

Adsorption is the increase in the concentration of a substance
at the interface due to the operation of surface forces. For ex-
ample, for the adsorption of the Me1 cation with z1+ charge:

S + Mez1+
1 ⇔ Mez1+

1 − S (1)

When two or more different substances are adsorbed, competi-
tive adsorption occurs. In this case, Me2 with z2+ charges can
adsorb, too:

S + Mez2+
2 ⇔ Mez2+

2 − S (2)

S means the surface adsorption sites. Beside the adsorbed
species, free surface sites of the adsorbents can also be present;
namely the surface coverage (2) can be in the range of 0 to 1.

In aqueous solution competitive adsorption takes place in all
cases, because water molecules cover the total surface of the
solid. The water concentration, however, is usually much greater
than the dissolved substances, so the change of water concen-
tration can be neglected. In the thermodynamic equations, the
parameters characterizing water are included into the other ther-
modynamic parameters. On the other hand, the properties of
water molecules (e.g. electric permittivity) can change in the
interfacial layer.

Ion exchange is the equivalent change of the ions on the sur-
face to other ions. For example, the cation exchange can be
described as:

z2Mez1+
1 + z1Mez2+

2 − S ⇔ z1Mez2+
2 + z2Mez1+

1 − S (3)

where S means the surface, Me1 and Me2 are the cations with
z1+ and z2+ charges. When z1+ = z2+, the ion exchange is
homovalent, in other cases heterovalent. The anion exchange
can be described by a similar equation.

Precipitation has different types. The first one occurs when
the concentration of some components reaches the value of sol-
ubility product, the solution becomes oversaturated and a new
solid phase precipitates independently in the presence of a solid
surface. When, however, a solid phase is originally present, the
precipitate is formed on it, thus the total composition of the solid
phase changes. When the precipitation forms colloid particles,

especially in diluted solutions, they can be adsorbed on the solid,
if it is present. This process is treated by the theory of colloid
adsorption, the so-called DLVO theory [6, 7].

The second form of precipitation is surface precipitation,
which requires the presence of solid phase. In this case there
are three possibilities. One of them is when the precipitate is
formed in a monomolecular layer. The second possibility is
co-precipitation, when a component in low concentration co-
precipitates with another component in high concentration if it
can be built into the crystal lattice. In this case the thickness
can be higher than monolayer. The third case is when heteronu-
cleation takes place on certain places of the solid directed by
chemical forces, and discrete colloid particles are formed.

The ion exchange and precipitation are frequently considered
as adsorption, and the surface excess concentration vs. solution
concentration function is described by adsorption isotherms. It
is not correct because the processes are principally different: ad-
sorption is directed by the decrease of surface energy. The main
feature of the adsorption is that the adsorbed particles occupy
the free sites of the interface. Ion exchange, however, is a com-
petitive process on an already covered surface. Therefore, con-
sidering the ion exchange, there are no free sites on the surface,
the surface coverage is always equal to 1. Precipitation, includ-
ing colloid formation, is governed by the composition of the
liquid phase, the crystal structure (co-precipitation) or primary
chemical forces.

Therefore, when studying interfacial reactions, it must always
be determined what the mechanism of the interfacial reaction is.
Also, the dominant processes responsible for the surface excess
concentration must be identified. If this is not done and the re-
sultant process is evaluated without knowing it, in conventional
ways, incorrect thermodynamical data are obtained. The con-
cepts of the adsorption, ion exchange and surface precipitation
have to be clearly distinguished, as done previously. When the
character of the process can be neglected, only the surface accu-
mulation is considered, we can speak about sorption, including
all of the surface processes. In this case, only a phenomeno-
logical description can be given, no thermodynamics can be ap-
plied. In this paper, the consequences of the neglecting of sorp-
tion mechanism will be presented.

3 Quantitative treatment of solid/solution interfacial
processes by isotherm equations
3.1 Adsorption isotherms
The interfacial processes can be correctly treated by Gibbs

sorption isotherm. In solid surfaces, however, Gibbs isotherm
equation cannot be applied because only the excess surface con-
centration can be measured directly, the surface tension cannot.
Instead, other adsorption equations are applied; some of them
contain some thermodynamic approaches, others are empirical
or semi-empirical. One of the most widespread isotherms is the
Langmuir equation, which was derived for the adsorption of gas
molecules on planar surfaces [8]. It has four basic assumptions
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for the adsorption [9]:

1 The adsorption takes place on the free sites of the adsorbent.

2 One adsorption site can adsorb one molecule; at most mono-
layer coverage is present.

3 The adsorption sites have the same energy (homogeneous sur-
face), no interaction is between the adsorbed molecules. It
means that the adsorption energy is independent on coverage.

4 There is adsorption equilibrium between the phases.

These assumptions are very strict and usually fulfilled neither
in solid/gas nor solid/liquid systems. In practice, however, the
Langmuir isotherm frequently describes the adsorption function
quite well. For the adsorption of a dissolved substance:

a = z
bc

1 + bc
(4)

where a is the excess adsorbed amount per unit mass of the ad-
sorbent, z is the number of surface sites (that is the maximum
adsorption capacity), c is the concentration of the adsorptive in
the equilibrium solution, b is the parameter characterizing the
adsorption energy.

In case of the adsorption of the dissolved substance
(solid/liquid interface) the reciprocal amount of b can be used
(K = 1/b). The surface coverage of the adsorbed substances
(2) can be defined as 2=a/z.

By equivalent mathematical transformations, Langmuir equa-
tion can be expressed in linear forms.

c
a

=
1
z

(c + K ) (5)

The c/a vs. c function is plotted here, the slope is 1/z, the inter-
cept is K /z. This linear form is fairly suitable for the determina-
tion of the maximum adsorption capacity,since it is calculated
from the slope. The dimension of K is a concentration dimen-
sion, in an agreement with the dimension of c.

Among the four assumptions of Langmuir adsorption equa-
tion No. 3 is the most critical. It assumes that the surface is ho-
mogeneous and there are no interactions between the adsorbed
particles. On multi-component adsorbents, as rocks and soils,
the surface is heterogeneous, so the adsorption energy may de-
pend on the coverage. In addition, at great coverage values, the
adsorbed particles may have interactions. In some lucky cases,
the two effects are compensated, and the adsorption isotherm
can be described by the Langmuir equation: Eq. (5) gives a lin-
ear plot. In certain cases, the adsorption isotherm can be ap-
proached by different energy or site affinity distribution func-
tions [10]-[13].

When two or more substance can be adsorbed on a surface,
competitive isotherms are applied. The substances are adsorbed
on the free sites of the surface (2free) and desorbed from the
covered sites (21 or 22). In adsorption equlibrium, the rate of
adsorption and desorption are equal:

(1 − 21 − 22)b1c1 = 21 (6.a)

and
(1 − 21 − 22)b2c2 = 22 (6.b)

The surface coverage of the substances can be expressed from
(6) as:

21

22
=

c1b1

c2b2
=

c1 K2

c2 K1
(7)

By expressing 22 from Eq. (7) and substituted into Eq. (6.a) we
obtain:

(1 − 21 −
21b2c2

b1c1
)b1c1 = 21 (8)

After equivalent mathematical transformation of Eq. (8):

21 =
b1c1

1 + b1c1 + b2c2
=

1
K1

c1

1 +
1

K1
c1 +

1
K2

c2
(9)

Using that 21=a1/z:

a1 = z
b1c1

1 + b1c1 + b2c2
= z

1
K1

c1

1 +
1

K1
c1 +

1
K2

c2
(10)

By the equivalent mathematical transformation of Eq. (10) we
obtain:

c1

a1
=

1
z

(
c1 + K1 +

K1

K2
c2

)
(11)

Similar equation can be described for the component 2.
As seen from Eq. (11), the c1/a1 vs. c1function is not lin-

ear because a composite amount containing the K ’s of both ad-
sorbed component and the concentration of the other component
is present, instead of K constant in Eq. (5).

It is important to note that for adsorption process:

21 + 22 + 2free = 1 (12)

4 Ion exchange isotherm for homovalent ion exchange
When ion exchange Eq. (3) can also take place on the solid,

the surface accumulation by ion exchange can be described by
isotherm equation. In case of ion exchange, the surface coverage
is always equal to 1, that is 2free=0:

21 + 22 = 1 (13)

Eq. 12 similarly to Eqs. (1)-(3), expresses the important dif-
ference between the adsorption and ion exchange: adsorption
takes place on the free sites, while ion exchange takes place on
the covered sites of the surface. For homovalent exchange, us-
ing that 21 =

a1

ζ
and 22 =

a2

ζ
, where ζ is the number of

exchanged sites and a1 and a2 are the amounts of the ions on the
solid:

ζ = a1 + a2 (14)

Considering Eqs. (13) or (14), from Eq. (7) we obtain:

21

22
=

a1

a2
=

a1

ζ − a1
=

c1 K2

c2 K1
(15)
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The reciprocal of Eq. (15):

ζ − a1

a1
=

ζ

a1
− 1 =

c2 K1

c1 K2
(16)

or
ζ

a1
= 1 +

c2 K1

c1 K2
(17)

c1

a1
=

1
ζ

(
c1 +

K1c2

K2

)
(18)

Similar equation can be written for the exchanged cation (Me2).
In Eqs. (14)-(18), the number of exchange sites is signed by ζ ,
just to differentiate the adsorption and ion exchange sites. As
comparing the adsorption Eq. (11) and ion exchange isotherms
Eq. (18), we can see that one parameter (K1) is absent in the
right side of the ion exchange isotherms. This ion exchange
isotherm equation has been applied by [10, 12]-[16].

It is general in the literature that the adsorption and ion ex-
change are evaluated by a linearized isotherm Eq. (5), neglecting
the competitive character of the sorption processes. The number
of active sites (z or ζ ) and the K isotherm parameter charac-
teristic of the sorption affinities are determined from the slope
and the intercept of the plot. However, the isotherms are usually
not linear. The divergence from the linearity is interpreted by
surface heterogeneity and the interactions between the particles
of the sorbed substances. The isotherms are divided into lin-
ear portions, and different z/ζ and K values are determined for
the linear portions. When we carefully study the isotherms, we
can see that this way of treatment is not suitable for competitive
interfacial processes, including competitive adsorption and ion
exchange. As seen from Eqs. (11) and (18), the isotherms can-
not be linear because the concentration of competing substance
is also in the equation, which is a variable quantity.

To illustrate the effect of the competing substance, the results
of model calculations are shown in Fig. 1 in case of homovalent
ion exchange (z1+ = z2+). Consider a system with the differ-
ent parameters: the mass of the sorbent is 1 g, the volume of the
solution is 1dm3, the number of ion exchange is 10−3mol/g. Let
the ratio of K1/K2 be 0.1, 1, 10, respectively. The concentra-
tion of the competing ion (c2) in Eq. (18) is calculated from the
sorbed quantity (a1). Since 1 g and 1 dm3 are used in the model
calculation, and the ion exchange is homovalent, the numerical
value of c2 and a1 are equal (c2 = a1).

As seen in Fig. 1, the plot of the isotherms is usually not lin-
ear. The shape of the plot is determined by the ratios of K1/K2

and c2. During the model calculations, the surface heterogeneity
and the interactions of the ions are neglected, after all, the shape
of the isotherm is curved. If there is any surface heterogeneity
or interaction between the sorbed ions, it cannot be concluded
from the isotherm.

Let us see the conclusions of the usual linear evaluation
Eq. (5) in detail on the example of the plot with K1/K2=10 in
Fig. 1. As seen in Fig. 2, three linear portions can be divided.

Ion exchange
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Fig. 1. c1/a1 vs. c1 function of the homovalent ion exchange (Eq. (18).
Input parameters: m=1g, V= 1dm3, ζ=10−3mol/g, K1/K2 =0.1, 1, 10, respec-
tively, c2 = a1

The slope and intercept of the linear portions, the number of ex-
change sites and “K ′′ isotherms parameters, as well as the input
parameters of the model are listed in Table 1.

y = 1312.5x + 3.2635
R2 = 0.9978

y = 2086.2x + 1.5213
R2 = 0.9934

y = 5155.7x + 0.319
R2 = 0.9562

0.E+00

2.E+00

4.E+00

6.E+00

8.E+00

1.E+01

1.E+01

1.E+01

2.E+01

2.E+01

0.E+00 2.E-03 4.E-03 6.E-03 8.E-03 1.E-02 1.E-02

c1 (mol/dm3)

c 1
/a

1 
(g

/d
m

3 )

 

Fig. 2. The linear portions of c1/a1 vs. c1 function of the homovalent ion
exchange Eq. (5). Input parameters: m=1g, V= 1dm3, ζ=10−3mol/g, K1/K2

=10. c2 = a1.

As seen in Fig. 2 and Table 1, the surface of the ion exchanger
seems to be heterogeneous with three different exchange sites.
The number of exchange sites, however, does not provide the
input parameter. Furthermore, the values of “K ” are meaning-
less because they contain a variable amount, the concentration
of the competing ion. For this reason, any conclusions, thermo-
dynamic parameters estimated from the data obtained the linear
portions have no real physical or chemical meaning, even if the
regression of the estimation is very good (R2 >0.99). For the
correct evaluation of a sorption isotherm, the competition and
the mechanism (ion exchange or adsorption) have to be taken
into account.

As mentioned in Introduction, the experimental data of sorp-
tion are frequently evaluated using Freundlich isotherm as well,
and this isotherm is found to be satisfactory beside Langmuir
isotherm. The surface and solution concentration data (a1 and
c1) obtained in our model are plotted according to Freundlich
isotherm (Fig. 3):
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Tab. 1. The estimated parameters of isotherms on Fig. 2 and the input parameters

Range of c1

(mol/dm3)

Slope

(g/mol)

Intercept

(g/dm3)

R2 ζ

(mol/g)

Estimated „K” of the

linear portions

(mol/dm3)

1.0E-06-4.0E-04 5155.7 0.319 0.9562 1.9E-04 6.2E-05

3.0E-04-2.0E-03 2086.2 1.5213 0.9934 4.8E-04 7.3E-04

1.0E-03-1.0E-02 1312.5 3.2635 0.9978 7.6E-04 2.5E-03

Input parameter 1.0E-03 10*c2

y = 0.4462x - 5.1995

R2 = 0.9951
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Fig. 3. Freundlich isotherm obtained from the data of homovalent ion ex-
change Eq. (19). Input parameters: m=1g, V= 1dm3, ζ=10−3mol/g, K1/K2

=10. c2 = a1.

ln a1 = ln kF +
1
n

ln c1 (19)

As seen in Fig. 3, the data can be described by Freundlich
isotherm, too. The conditions of our model, however, do not
satisfy the conditions of Freundlich isotherm; namely Freudlich
isotherm considers a heterogeneous surface, but our model in-
vestigates homogeneous surface.

Beside the exchange isotherm, the ion exchange can be quan-
titatively described by the law of mass action, i.e. the equilib-
rium constant or selectivity coefficients of the ion exchange can
be given. For the most convenient description of the equilib-
rium constant of the homovalent exchange (Ke), the activity co-
efficients of the ions both on the surface and in the solution are
neglected, the equilibrium constant of a homovalent exchange
can be expressed as:

Ke =
a1c2

c1a2
(20)

Eq. (20) is equivalent with Eq. (15), assuming that Ke =

K2/K1. Therefore, the two treatments of ion exchange reactions
are equivalent: exchange isotherm equations can be transformed
to the ones that used the law of mass action.

The neglecting of the activity coefficients in the description
of Eq. (20) is usual for example in the surface complexation
models, but it is not absolutely correct thermodynamically [17].

5 Ion exchange isotherm for heterovalent exchange
The transformation of the equilibrium (or selectivity) con-

stants and the ion exchange isotherms can easily be made
only for homovalent ion exchange because the ion exchange

isotherms usually do not take into consideration the heterova-
lent character of the ion exchange. This causes additional se-
rious problems in the evaluation of isotherm parameters. It is
shown for the exchange of monovalent and divalent cations:

2Me+

1 + Me2+

2 − S ⇔ M2+

2 + 2M+

1 − S (21)

In this exchange process the number or exchange sites can be
expressed for the monovalent ions as follows:

ζmono = a1 + 2a2 (22)

To construct the c/a vs. c function (similarly to Eq. (18), the
equilibrium constant of the reaction in Eq. (21) is described. The
surface concentration of the ions can be expressed by surface
fractions, using again that 21 =

a1

ζ
and 22 =

a2

ζ
:

Ke =

c2

(
a1

ζmono

)2

c2
1

a2
ζmono

=
1

ζmono

c2a2
1

c2
1a2

=
1

ζmono

c2a2
1

c2
1

ζmono−a1
2

=
2

ζmono

c2a2
1

c2
1 (ζmono − a1)

(23)

By equivalent mathematical transformation of Eq. 23 we ob-
tain:

a2
1

ζmono − a1
= Keζmono

c2
1

2c2
(24)

The reciprocal of Eq. (24) is as follows:

ζmono − a1

a2
1

=
ζmono

a2
1

−
1
a1

=
2

Keζmono

c2

c2
1

(25)

From here
ζmono

a2
1

c1 =
c1

a1
+

2
Keζmono

c2

c1
(26)

Divided by ζmono :

c1

a2
1

=
1

ζmono

(
c1

a1
+

2
Keζmono

c2

c1

)
(27)

then multiplied by a1:

c1

a1
=

1
ζmono

(
c1 +

2
Ke

a1

ζmono

c2

c1

)
(28)

Similar isotherm equation can be derived for the divalent cation,
expresses ζ for the divalent cation:

c2

a2
=

1
ζdi

(
c2 +

Ke

2
c2

1
a1

)
(29)
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Eqs. (28) and (29) can be plotted as a c/a vs. c function. As
seen, the second member in the paranthesis of the right side of
Eqs. 28 and 29 are more complex quantities than in case of ho-
movalent exchange, containing variable quantities, namely the
concentrations of both ions in the solution and the sorbed quan-
tity of the exchanging ion, as well. So, when evaluating c/a
vs. c function by the ion exchange isotherm, the “intercept”
depends on a lot of parameters, so give no information on the
energy distribution of the surface.

6 Conclusions
If we study the accumulation of a substance on a surface, the

first important thing is to explore the mechanism of the sorp-
tion process. The experimental data can be interpreted correctly
by isotherm or other thermodynamic equations only when the
mechanism is known and the applied treatment corresponds to
this mechanism. If not, the thermodynamic parameters will be
not correct, the isotherm equation will give fault values for the
number of surface sites and the parameter characteristic for the
sorption energy. Furthermore, a homogeneous surface can be
seen to be heterogeneous just because of the application of an
inadequate model. Obviously, there are heterogeneous surfaces,
but the curved shape of a badly applied isotherm provides no
information about the heterogeneity.

In order to study the energy distribution of surface sites, the
thermodynamic equations, including isotherms, have to be se-
lected according to the sorption mechanism. All variable quan-
tities have to be determined which are involved in the applied
model (e.g. concentration of the competing substances in all
phases: in liquid and solid including the interface). These quan-
tities have to be treated as independent variable during the esti-
mation of the sorption parameters. This treatment can be com-
bined with the methods for the determination of the energy dis-
tribution functions.
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